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ABSTRACT 

Traditional project scheduling operations primarily use the Program Evaluation 

and Review Technique (PERT) or Critical Path Method (CPM). However, both PERT 

and CPM assume infinite resources to complete a project within the shortest time. 

However, resources are typically limited, and completion time is not the only 

measurement standard. This study analyzes the project scheduling problem with two 

limited resources. As resources can be restored, this study looks for a solution that 

minimizes total completion time and maximizes resource use. Since this problem is 

NP-hard, this study constructs a searching process using an improved Parallel Tabu 

Search by simulating multiple CPUs, such that the Tabu Search is improved, its 

comprehensiveness increased and repeated searching avoided to ensure solution 

quality in the shortest time. 

The test data are obtained from the Project Scheduling Problem Library 

(PSPLIB). The number of the activities is set at 30, 60, 90 and 120, with each set 

testing 30 different samples. Test results indicate that the improved Parallel Tabu 

Search proposed in this work can solve a problem rapidly. Importantly, the 

performance of the solution in terms of both quality and stability are superior to those 

of the solution obtained the original Tabu Search method. Additionally, as the number 

of CPUs increases, the quality and stability of the solution increase; however, solving 

time also increases. When 40 CPUs are used, solving quality and efficiency are best. 
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Total Completion Time 

 

INTRODUCTION 

Project management is a common concern under intense competition when the 

objective is to meet diversifying consumer demand and retain cost and efficiency. 

Utilizing resources efficiently is the most important issue in cost management. Heizer 

and Render (2006) suggested that the program evaluation and review technique 

(PERT) and critical path method (CPM) are typical scheduling and measuring 

methods in project management. However, although the PERT and CPM can 
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complete a project in minimal time with unlimited resources, unlimited resources is 

not realistic. In real production environments, project scheduling is constrained by 

limited resources. Thus, when resource limitations adversely affect operational 

priority, project completion time is extended. Kelley (1963) addressed a 

resource-constrained project scheduling problem (RCPSP). 

An RCPSP can be solved with an optimal or heuristic solution. With an optimal 

solution, solving time increases exponentially as problem scale increases; thus, the 

RCPSP is only suited to small problems and practical application of RCPSP is rare. 

Nevertheless, an optimal solution is vital for theoretical development and evaluating 

heuristic solutions. 

Integer programming (IP), an early optimal solving method, was developed by 

Wiest in 1963. Wiest applied IP to solve an RCPSP in the shortest time. This model 

has 4 resource types, 55 operations, 1650 decision variables and 6870 constraints. For 

many problems, an excessive number of decision variables and constraints reduce 

solving efficiency. Therefore, IP will not yield a major breakthrough in project 

scheduling. Davis (1975) used linear programming (LP) and dynamic programming 

(DP) to get RCPSPs’ optimal solution; however, modeling large problems is very 

complex and solving efficiency is undesirable. Viniotis and Ephremides (1988) apply 

LP to arrange system to achieve the optimal solution. Driessen and Kwok (1998) used 

multi-objective DP to solve an optimal control problem under non-continuous time 

constraints. Cogill and Hindi (2007) employed IP to solve an optimal route and 

scheduling problem for a flexible production system. Tague, Slater, Poovendran and 

Noubir (2008) applied LP to solve a network problem with an interrupting flow 

problem. The principal of the branch-and-bound (B&B) method is to divide a 

complex problem into small problems to simplify searching for the best bound in a set. 

If the bound does not contain the optimal solution for the original problem, then the 

set is thrown out. Nababan, Hamdan, Abdullah and Zakaria (2008) used the Branch & 

Bound method to solve an optimal flow shop production scheduling problem. 

Disjunctive arcs stand for completing operations without precedence relationships or 

violating resources limits. This study can establish arcs to construct precedence 

relationship when no loop exists to actively schedule operations in new relationships. 

To solve a project scheduling problem, a heuristic algorithm may not find the 

optimal solution, but will generate an acceptable solution within a short time. 

Compared to an optimal solution without time efficiency, heuristics are more practical. 

Kelley (1963) proposed and applied the parallel generation scheduling scheme (PGSS) 

and serial generation scheduling scheme (SGSS) to find the optimal solution or best 

heuristic solution within a reasonable amount of time. Holland (1975) created a 

genetic algorithm (GA) that simulates natural selection to obtain a desirable solution. 
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Glover (1977) developed the tabu search (TS) method to perform several local 

searches to overcome the limitation of local optima. With a flexible memory to record 

movement decisions in different cycles in the short or long term, the method leads the 

algorithm to avoid a local optima result. The algorithm has been widely applied to 

production scheduling and other NP-hard problems. Kirkpatrick (1983) used 

simulated annealing (SA) to solve optimality problems. To improve instable in 

solving quality and repeated searching an area, Taillard (1991), Taillard (1994) and 

Fiechter (1994) applied the parallel TS method to solve a square assignment problem, 

job shop scheduling problem and traveling salesman problem , respectively, by 

simulating multiple processors to accelerate problem solving. Compared with the 

conventional TS, the parallel TS can obtain a better solution in shorter time with 

solving quality ensured. Dorigo et al. (1997) created an ant colony optimization (ACO) 

method that simulates ant behavior when searching for the optimal solution. Bozejko 

and Wodecki (2004) used the parallel TS to solve a permutation combination 

scheduling problem. Ozcan and Onbasioglu (2004) used a GA to solve a parallel code 

schedule optimization problem. Low (2005) used SA to solve a flow shop production 

scheduling problem with unrelated parallel machines. Pan and Wang (2006) applied 

ACO to solve the traveling salesman problem. Huang and Liao (2008) combined 

ACO with TS to solve a job scheduling problem. 

Most studies assumed a single static resource; however, this does not conform to 

typical business practices. This study investigates a project scheduling problem with 

two limited resources in minimal completion time using the improved parallel TS 

method and simulating multiple CPUs. This work discusses how different numbers of 

CPUs impact solution quality and stability and improve value for managerial 

applications. 

 

PROBLEM DESCRIPTION 

This study addresses the project scheduling problem with two restorable and 

limited resources. Each activity in the project has a precedence constraint and cannot 

be pre-cast. Start time of each activity is affected by the duration of several previous 

activities. Setup time is included in activity processing time. Each activity consumes a 

constant quantity of the two resources and time. Resource capacity and consumption 

are complete and cannot be separated. 

2.1 Notations 

n  = total number of activities； 

jJ   = activity number j ， nj ,,2,1 L= ； 

0J   = virtual beginning activity  

1+nJ  = virtual ending activity  

jd   = duration of jJ  ， nj ,,2,1 L= ，( jd ≥ 0)； 
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jS   = actual starting time of jJ ， nj ,,2,1 L= ； 

jF   = actual completion time of jJ ， nj ,,2,1 L= ； 

jr1  = machine hour consumption of completing jJ  in unit time， nj ,,2,1 L= ； 

jr2  = labor consumption of completing jJ  in unit time， nj ,,2,1 L= ； 

1R  = machine hour limit in unit time；  

2R  = labor limit in unit time；  

maxC  = actual project completion time；  

0ES  = earliest beginning time of virtual beginning activity ； 

1+nES = earliest beginning time of virtual ending activity； 

jES  = earliest beginning time of jJ ， nj ,,2,1 L= ； 

jLS  = latest beginning time of jJ ， nj ,,2,1 L= ； 

jLF  = latest completion time of jJ ， nj ,,2,1 L= ； 

jedPr = immediate predecessors activity set of jJ ， nj ,,2,1 L= ； 

jSucc = immediate successors activity set of jJ ， nj ,,2,1 L= 。 

2.2 Mathematical model 

Objective： 

=MinZ maxC                                               (1) 

Constrains： 

jES =  }max{ iF ； ji edPrJ ∈ ； 　ji ≠ ； 　1,,2,1 +=∀ ni L ; j∀ = 1,,2,1 +nL   (2) 

≥jS  jES ; nj ,,2,1 L=∀                                        (3) 

jF = jj dS + ; nj ,,2,1 L=∀                                         (4) 

maxC = 1+nES                                                 (5) 

1+nLF = maxC                                                    (6) 

jLF = { }iSmin ； ji SuccJ ∈ ； 　ji ≠ ; 　ni ,,1,0 L=∀ ; j∀ = 1,,2,1 +nL       (7) 
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2.3 Illustration of the mathematical model  

Objective: 

Equation (1): minimize project completion time 

Constraints: 

Equation (2): earliest start time of jJ  equals the latest completion time of the 

immediate predecessor activity set 

Equation (3): actual start time of jJ  is equal to or larger than its earliest start time. 
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Equation (4): actual completion time of jJ  equals the sum of its actual start time and 

duration 

Equation (5): project completion time equals the earliest start time of virtual ending 

activity 

Equation (6): latest completion time of virtual ending activity equals project 

completion time 

Equation (7): latest completion time of jJ  equals actual earliest start time of 

immediate successor activity set 

Equation (8): machine hour consumption of jJ  is not larger than machine hour limit 

in unit time 

Equation (9): labor consumption of jJ  is not larger than the labor limit in unit time 

Equation (10): largest schedule decision time equals the sum of duration time of jJ  

 

ALGORITHM CONSTRUCTION 

Tabu search is especially suited to solving combination optimization problems 

with numerous heuristics. The tabu list (TL) avoids generating repeat solutions, but 

has a tendency to lapse into a local optimal. The parallel TS simulated multiple 

processors for multiple TSs, and generates multiple random start solutions to form a 

first stage adjacent to the solution set. Each CPU finds a best solution in the set or a 

solution that matches aspiration criteria as a moving route. The TL records the route 

to avoid repeated searches. Routes in the TL are not selected in following decisions 

unless they match aspiration criteria, meaning that they are “tabu.” The steps are 

repeated until the stop criterion is reached. This research improves the original 

parallel TS method by adding search steps and unimproved times to build the 

algorithm. The function of search steps is that when a repeat solution is found, it 

leaves the original search step and begins a new random search to broaden the search 

scope. When the optimal solution does not improve, unimproved times serve as a stop 

condition before entering the next search stage, thereby improving search 

completeness and solution quality. 

3.1 Improved parallel tabu search 
3.1.1 Variables 

iR    = i th resource； i = 1, 2 

iCPU = i th processor 

iStep  = i th searching stage 

uI  = unimproved times 
*

S  = start solution of each searching stage 

kS  = best adjacent solution 

nS  = nth tabu search in a searching stage 

TL  = tabu list 
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3.1.2 Algorithm 

Figure 1 shows the computational procedure of the proposed parallel TS method. 

Step 1: Each iCPU  generates a random start solution *
S . 

Step 2: Seek the optimal adjacent solution kS  in the adjacent set. 

Step 3: Check whether kS is constrained by the TL. If yes, check if it matches the 

expectation rule; otherwise, check if kS  repeats with optimal solutions 

another iCPU  has searched. 

Step 4: If kS  matches the expectation rule, go to step 5; otherwise, seek an optimal 

adjacent solution and repeat step 3. 

Step 5: Check whether kS  repeats the solution another iCPU  has obtained. If 

repeated, go to step 8; otherwise, take kS  as the start solution *
S  of the 

next search stage and update the TL . Go to step 6. 

Step 6: Check whether kS  is better than *
S . If yes, go to step 7; otherwise, go to 

step 2. 

Step 7: Check whether kS  has reached maximum unimproved times. If yes, go to 

step 8; otherwise, go to step 2. 

Step 8: Check whether the maximum start solution transform times have been reached. 

If yes, end the improved parallel TS algorithm; otherwise, go to step 1. 
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3.2 Example 

The following example illustrates use of the improved parallel TS method to 

solve a project scheduling problem with two resources. Figure 2 show the PERT 

network diagram. 

Does kS  conform to the  
Expectation Rule? 

Seek the random solution *S  of every iCPU  

Seek the optimal solution of the sequences kS   

Is kS  constrained by the TL ? 

Seek the secondary solution of the 
sequences 

Does kS  confront with 
other iCPU ? 

kS  will be the *S  of next 
i

Step  and 
renew the TL  

Does kS  reach the maximum amount of steps? 

Finish searching 

Start searching  

Does kS  reach the 
maximum of uI ? 

Is kS  superior to the *S ? 

No 

No 

Yes 
No 

Yes 

No 

Yes 

No 

Yes 

No 

 

Yes 
Yes 

Figure 1 The algorithm procedure of the improved parallel Tabu Search 
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Figure 2 Example-The PERT of the improved parallel Tabu Search 

 

We assume each iCPU  uses the same amount of time to perform a TS. The 

related conditions are as follows: 

1. Two restorable resources have the limits of ( iR , i=1, 2) 1R =110 and 2R =30. 

2. Set the length of the TL ( TL= 9 ). 

3. Use 3 processors ( iCPU , i=1, 2, 3). 

4. Each iCPU  generates a random start solution ( *
S ) in each search {OK?}. 

5. Each iCPU  has 3 search steps ( iStep , i=1, 2, 3).  

6. Tabu search ( nS ) in iStep  when more than two iCPU s obtain the same optimal 

solution. The reservation sequence is 1CPU > 2CPU > 3CPU . 

7. In the same TS ( nS ), when more than two of the same adjacent solutions exist, 

choose the last solution as the next nS  start solution ( kS = *
S ). 

Stop searching when any of the following conditions have been met by the 

procedure:  

1. Three running times of the unimproved solution in iStep  ( uI = 3). Stop iStep . 

2. The same optimal solution as that obtained by another iCPU . Stop iStep . 

3. All adjacent solutions are constrained by the TL . Stop iStep . 

4. If 3Step  reaches the stop criterion, stop the iCPU . 

5. When 1CPU , 2CPU , and 3CPU  stop, then stop the improved parallel TS. 

If the precedence relationships are satisfied and the resource limit is not 

surpassed, an activity is scheduled. Since any activity must proceed with both 

resources, a lack of any resource will postpone an activity. Two activities are 

scheduled simultaneously. If only one resource is required, the other resource is idle. 

Figure 3 shows one feasible solution as a Gantt chart. 
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Figure 3 Example-The Gant chart of the improved parallel Tabu Search 

If this example is solved using the traditional TS method, total completion time 

of 13 days under the best condition can be achieved as follows: 

85736241 J-J-J-J-J-J-J-J , and 87536241 J-J-J-J-J-J-J-J . 

When this example is solved using the proposed algorithm, the following schedule is 

obtained: 78563421 J-J-J-J-J-J-J-J  (total completion time, 10 days). Among 

the activities, 0J  and 9J  are virtual activities; thus, they are not scheduled. This 

shows that the improved parallel TS method outperformed the conventional TS 

method and solution quality was better. 

 

DATA TEST AND ANALYSIS 

4.1 Test data illustration 

To confirm the quality and efficiency of the proposed algorithm, simulation data 

were obtained from the project scheduling problem library (PSPLIB) for 30, 60, 90 

and 120 activities. The program is written in C++ language and run on a Pentium (D) 

2.67GHz computer with 1.5GB of memory running the Windows XP operating 

system. Table 1 shows related data. 

Table 1 The different types of testing data 

Numbers of work ( n ) Constraints of 1R  Constraints of 2R  Length of TL ( n ) 

30 20 20 6 

60 20 20 8 

90 20 20 10 

120 30 30 12 
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The number of CPUs is 17 on the condition of 1, 5, 10,…, 80. Using only one 

CPU is identical to the traditional TS method. Different numbers of CPUs clearly 

affect the optimal solution and execution time, and the number of solutions generated 

equals the number of CPUs used (e.g., 10 CPUs generate 10 solutions). Each number 

of CPUs solves 30 examples to obtain an average optimal solution value. To simplify 

the test, we assume search steps and unimproved times are exogenous variables. Thus 

search step is set to 1, and unimproved times are infinite. This test determines how the 

number of CPUs affects optimal solution and execution time. 

4.2 Test results 

This study uses the improved parallel TS to solve the project scheduling 

problem with two resource constraints. Table 2 presents experimental results. 

Table 2 Results of data testing 

 

Test results are the analyzed (Fig. 4 and Fig. 5). 

30 60 90 120 
Numbers 
of work 

(n) 

 

Amount 
of CPU 

Average 
solutions 
( Days) 

Execution 
time 

(Seconds) 

Average 
solutions 
(Days) 

Execution 
time 

(Seconds) 

Average 
solutions 
(Days) 

Execution 
times 

(Seconds ) 

Average 
solutions 
(Days) 

Execution 
time 

(Seconds ) 

1 66.27 1.00 123.03 1.00 186.67 3.77 193.67 11.63 

5 60.17 1.00 116.93 4.33 172.93 20.23 173.13 66.03 

10 57.93 1.00 114.90 8.77 170.87 44.07 169.10 125.67 

15 57.87 1.00 112.67 14.27 169.30 69.13 164.27 181.40 

20 57.13 1.33 112.40 18.17 166.87 92.97 160.53 240.20 

25 56.33 1.81 112.67 23.53 167.70 118.50 161.93 316.00 

30 56.36 2.42 111.60 29.10 167.47 137.13 159.47 354.20 

35 56.33 3.03 110.87 34.80 163.90 176.90 160.93 438.07 

40 56.08 3.31 111.07 39.17 162.93 237.43 158.80 604.63 

45 56.03 3.78 110.67 44.17 163.10 264.57 158.13 675.17 

50 56.22 4.39 110.30 51.00 163.33 304.87 157.57 737.03 

55 55.83 4.86 110.20 81.47 162.77 351.33 159.77 800.27 

60 55.64 5.61 110.20 96.50 162.80 386.60 157.93 1200.33 

65 55.17 9.89 109.50 99.40 161.47 375.60 158.53 869.83 

70 55.83 10.25 109.67 108.70 162.33 445.70 157.30 1026.83 

75 55.36 11.58 109.67 110.30 161.67 434.17 158.40 1037.97 

80 55.44 13.64 109.93 133.40 161.90 523.77 157.60 1159.97 
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Figure 4 Analysis of the average solution 
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Figure 5 Analysis of the execution time 

For 30, 60, 90, and 120 activities, when the number of CPUs exceeds 40, the 

average solution convergence. Although completion time decreases, the solution 

range is small. Execution time of the program increases continuously when more than 

40 CPUs are used and the average solution is not improved. Thus, this study sets 40 

CPUs as the optimal number of CPUs for the improved parallel TS. 

4.3 Stability analysis 

This number of CPUs is set at 40 from and the test sample has 30, 60, 90, 120 

activities where 30 times of each sample to test the stability. Table 3 shows test 

results. 

Table 3 Robust of 40 CPU 

Numbers of work (n) 30 60 90 120 

Average solution ( days ) 44.77 109.30 158.27 165.93 

The worst solution ( days ) 47 117 164 176 

The optimal solution ( days ) 42 103 151 156 

Robust (%)
*
 88.83 87.19 91.79 87.95 
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* Stability = %100
solution Average

solution Optimal -solutionWorst 
1 ×
















−  

This work obtains a range of each number of activities by subtracting the best 

solution from the worst. As the size of the range increases, the solution of the test 

increases, and vice versa (0 range represents 100% stability). The stability 

computation is shown above. When the number of activities is 30, 60 and 120, 40 

CPUs achieve a stability >87%. For 90 activities, stability is >91.79%. Therefore, 40 

CPUs achieve good solution quality and stability. 

 

CONCLUSIONS 

Conventional project scheduling methods apply the PERT and CPM as the 

scheduling method and for measurement. However, both PERT and CPM assume 

resources are infinite for completing projects in the minimal amount of time. This is 

does not conform to real conditions. In a real environment, limited resource adversely 

affects completion time for project scheduling. Thus, the resource-constrained project 

scheduling problem has recently attracted considerable attention. 

The main objective of this study is to solve a project scheduling problem with 

two restorable and constrained resources and achieve maximum resource utilization 

and minimum completion time. The original TS is modified by simulating multiple 

CPUs. The improved parallel TS method has improved times for solving and search 

steps. When the optimal solution is improved, the unimproved times serve as a stop 

criterion before entering next search step. When repeated solutions exist, searching 

steps leave the current step and the search range is increased. Using these two 

variables effectively improves search quality and efficiency. 

Test data are collected from the PSPLIB. There are 30, 60, 90, and 120 activities, 

each with 30 samples. Each sample has two restorable resources. There are 17 

numbers of CPUs that include 1, 5, 10, …, 80. To simplify the test, we assume that 

search steps and unimproved times are exogenous variables. Since the test determines 

the impact of different numbers of CPUs, each search step is set to 1, and unimproved 

times are infinite. Test results and comparisons indicate that the improved parallel TS 

method outperforms the traditional TS method in solving quality and efficiency. 

Furthermore, as the number of CPUs increases, solving quality and execution 

time increase. This study demonstrates that the average solution converges when the 

total number of CPUs is 40; execution time increases as the number of CPUs 

increases. Thus, we suggest that 40 CPUs for the improved parallel TS is optimal. The 

stability of the 40 CPUs is tested. Under 30, 60, 90, and 120 activities, the 40 CPUs 

achieve a high stability of >87% in all conditions. 
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Since many resource-constrained project scheduling problems exist, this study 

focused on a project scheduling problem with two resource constraints. Future 

research directions and recommendations are as follows. 

1. To simplify testing, searching steps are assumed here to be exogenous variables 

and set to 1. How different search steps impact solving quality warrants research. 

2. Unimproved times are assumed here to be exogenous variables and set to infinite. 

How different unimproved times impact is an excellent topic for future research. 

3. This study used an improved parallel TS method. Different algorithms can be 

improved in future work. 

4. This study analyzed a project scheduling problem with restorable resources. For 

an approach appropriate to project management, un-restorable resources can be 

considered. 
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