
Lecture 1 – Introduction to 
Digital Signal Processing Systems
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What is signal ?

A SIGNAL is a measurement of a physical quantity of 
certain medium.  
Examples of signals: 

– Visual patterns (written documents, picture, video)
– Audio patterns (voice, speech, music)
– Change patterns of other physical quantities: 

temperature, EM wave, etc. 
Signal contains INFORMATION!

Medium and Modality

Medium:  
– Physical materials that carry the signal.
– Examples: paper (visual patterns, handwriting, etc.), 

Air (sound pressure, music, voice), various video 
displays (CRT, LCD)

Modality:
– Different modes of signals over the same or different  

media. 
– Examples: voice.
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What is signal processing ?

Ways to manipulate signal in its original medium or an 
abstract representation.
Signal can be abstracted as functions of time or spatial 
coordinates.
Types of processing:

– Transformation
– Filtering
– Coding (compression)
– Synthesis
– Analyzing, modeling

Signal processing applications

Communications - Modulation/Demodulation (modem), 
Channel coding, Source coding ( data compression )…
Imaging - Digital camera, Scanner, HDTV…
Speech – Coding, Recognition, Synthesis
Control - Driver, Motor
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Digital signal processing? analog signal
processing?

1. Digital signals are more robust than analog signals in terms of temperature 

and process variations.

2. The accuracy in digital forms can be controlled better by changing the 

wordlength of the signal.

3. DSP techniques can cancel the noise and interference while amplifying 

the signal. However, noise and signal are amplified in analog signal 

processing.

DSP systems can be realized using programmable processors or custom 

designed hardware fabricated using VLSI circuit technology.

The goal of digital design is to maximize the performance while keeping the 

cost down.

Two important features that distinguish DSP from other general purpose 

computations are :

1. Real-time throughput requirement –

The hardware have to be designed to meet the tight throughput constraint of 

the real-time processing where new input samples need to be processed as 

they are received periodically.

2. Data driven property –

Any subtasks or computations in a DSP system can be performed once all the 

input data are available.
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Typical DSP algorithms

Convolution -
The convolution of 2 discrete sequences h(n) and x(n) is defined as,
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Convolution is employed to describe and analyze linear time-invariant 

( LTI ) systems, which are completely characterized by their unit-sample 

response h(n). The output sequence of an LTI system is computed as the 

convolution of the input sequence x(n) and its unit-sample response h(n).

Correlation -
The correlation of 2 sequences a(n) and x(n) is defined as,
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If a(n) and x(n) have finite length N, I.e.,these are nonzero for n = 0, 

1, …,N-1, the digital correlation operation is given as follows :

for n = -N+1, -N+2,…,-1, 0, 1, N-2, N-1.
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Motion Estimation –

• Motion estimation is employed in interframe predictive coding and is the 

most computation-intensive part in video coding. 

• The operation is, firstly analyzing the successive frames of a video sequence 

and calculating the motion vectors of pixels or blocks of pixels and then 

transmitting the motion vectors instead of the corresponding blocks of the 

current frame.

• Block-matching algorithms ( BMAs ) are the most preferred schemes for 

motion estimation due to their relative simplicity.

• In BMAs, each frame is partitioned into N-by-N macro reference blocks and 

it is assumed that all the pixels in 1 block have the same motion.

1. Search Range - The search range in the previous frame is called search 

window and is constrained to +/- p pixels in both horizontal and vertical 

directions relative to the position of the reference block.

⇒ the search window contains ( N+2p)2 pixels.

N+2p

N+2pp

N

N

Current Frame Block

Search Range in Reference Frame

2. Search Criteria –

• Mean-Square Error(MSE)

• Mean Absolute Difference 
(MAD)
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Mean-Square Error ( MSE ) –
⇒ most widely used in software
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Where x(i,j) : pixel value in the reference block in current frame.

y(i+m,j+n) : pixel value in the candidate block in the search 
window in previous frame.

Mean Absolute Difference (MAD) –
⇒ most widely used in hardware

for –p ≤ m , n ≤ p ,

Displaced block difference s(m,n) with displacement ( m, n ) is defined as
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for –p ≤ m , n ≤ p ,

Displaced block difference s(m,n) with displacement ( m, n ) is defined as

Notice that the calculation of the above requires 3N2 computations ( one 

subtraction, one absolute value, and one accumulation are needed for each 

absolute difference computation ).
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Discrete Cosine Transform ( DCT ) –

A sort of frequency transform. It is presently extensively used as a 

transform coder for still and moving image and video compression.

Consider a N-point sequence x(n). The N-point DCT and inverse DCT 

( IDCT ) pair for this sequence is defined as :

where if k = 0,

otherwise.

The N-point DCT and IDCT pair can be derived using a 2N-point discrete 

Fourier transform ( DFT ) pair. The 2N-point DFT of y(n) is given by
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The N-point DCT can be expressed as
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Notice that the N-point 1D-DCT requires N2 multiplications and additions. 

For image compression, the 2D-DCT is computed for each block. Direct 

computation of 2D-DCT of length N requires N4 multiplications and 

additions.
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VQ

distortion
calculation

codebook
(256 words)

vectors 8-bit index
table

look up

codebook
(256 words)

Vector Quantization ( VQ ) –

A sort of lossy compression technique that exploits the spatial correlation 

that exists between neighboring signal samples.

In VQ, a group of samples are quantized together rather than individually. 

In a VQ system, identical codebooks containing codeword vectors are 

available both in the transmitter and the receiver side.

The vector quantizer transmits the index of the codeword rather than the 

codeword itself.

The following figure shows the VQ encoding and decoding process. On 

the encoder side, the vector quantizer takes a group of input samples, 

compares the vector to the codewords in the codebook and selects the 

codeword with minimum distortion. The decoder simply receives the m-

bit index as the address of the codebook and retrieves the best codeword 

to reconstruct the input vector.

In general, assume that vectors are k-dimensional and the codebook size is 

N. If the wordlength of the vector elements is W and N=2m, then the m-bit 

address of the codebook is transmitted instead of kW-bit.

⇒ compression factor m/kW.
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Decimator and Expander –
The sampling rate in a DSP system can be changed internally by 

downsampling or upsampling operations and the resulting system is called 

as a multirate system.

A decimator processes an input x(n) and produces an output sequence

yD(n) = x(Mn), M is a positive integer.

The decimator is also referred to as compressor or downsampler. From the 

equation, we know that the decimator generates one output for every M 

input samples, and the output rate is thus M times slower than that of the 

input sequence.

Expansion is an upsampling process. It takes an input x(n) and produces an 

output sequence

yE(n) = x( n / L ), if n is integer – multiple of L.

= 0, otherwise,

Where L is an integer. Notice that an expander generates L output samples 

for every input sample by inserting (L-1) zeros. Hence, the sampling rate of 

the output sequence is L times faster than that of the input sequence.
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DSP application demands

The field of VLSI DSP continues to be driven by the increasing demand of 

DSP applications, particularly in digital video processing and wireless 

communications, and by advances in scaled CMOS technologies.

Generally speaking, video sequences contain significant amount of spatial 

and temporal redundancy within a single frame and between consecutive 

frames, which results in the proposition of several data compression 

techniques as we have presented previously.

MPEG, a video communication standard, reduces the bit-rate by exploiting 

both the spatial and temporal redundancies through intra- and interframe

coding techniques. The following figure shows the block diagram of the 

MPEG-2 encoding process.

Cascade of an M-fold decimator followed by an L-fold expander is generally 

not equivalent to the cascade of an L-fold expander followed by an M-fold 

decimator.
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Computation complexity –

1. BMA - For HDTV video with a frame size of 1920 x 1250 pixels, a frame

rate of 50 frames/sec and a search range of +16 / -15 pixels, the full-search 

BMA demands a computation rate of about 368 GOPs/sec.

2. DCT – The N×N 2D-DCT requires 2N3 multiply-add operations. For 

HDTV video with image blocks of size 8×8, the computation requirement 

for 2D-DCT is 3.84 GOPs/sec.

The dramatic increase in the integration levels in recent years has led to an 

increase in the number of possible DSP applications that can be integrated 

onto single chips.

Digitzer -

Motion
estimation

Motion 
compensator

DCT Quantizer
Variable-
length
coding

Buffer

Rate
controller

Inverse
quantizer

Inverse DCT

+

Reconstructed
image

Predicted
image

Motion
vectors
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State-of-the-art VLSI technology
( Source reference : EE225C, Prof. B. Nikolic, U.C. Berkeley )
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Required Portable Functions

• Radio transceiver
• Modem
• Decoder
• Text / Graphics processing
• Text / Graphics display
• Video decompression
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Representations of DSP algorithms
DSP algorithms are described by nonterminating programs which execute 

the same code repetitively. e.g. an FIR digital filter

y(n) = ax(n) + bx(n-1) + cx(n-2)  for n=1 to n=∞

Iteration – execution of all the computations in the algorithm once.

Iteration period – the time required for execution of one iteration of the 

algorithm.

Iteration rate – the reciprocal of the iteration period.

Sampling rate (throughput) – the number of samples processed per second.

Critical path ( for combinational logic ) - the longest path between inputs 

and outputs, where the length of a path is proportional to its computation 

time.

Critical path ( for sequential circuits ) – the longest path between any two 

storage elements.

⇒ The critical path computation time determines the minimum feasible clock 

period of a DSP system.

Latency – the difference between the time an output is generated and the 

time at which its corresponding input was received by the system.

1). For combinational logic, it is represented in terms of absolute time units, 

or the number of gate delays.

2). For sequential circuits, it is represented in terms of number of clock cycles.

DSP algorithms are described using mathematical formulations at a higher 

level. For architectural design, these mathematical formulations need to be 

converted to behavioral description languages ( Verilog or VHDL ) or 

graphical representations ( block diagram, signal-flow graph ( SFG), data-

flow graph ( DFG) and dependence graph ( DG ) ).
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Block diagrams –

A block diagram consists of functional blocks connected with directed 

edges, which represent the data flow from its input block to its output

block. e.g. a 3-tap FIR filter

y(n) = b0x(n) + b1x(n-1) + b2x(n-2) 

can be described using the block diagram shown in the following figure.

x x x

+ +

X(n)

b0 b1 b2

y(n)

Z-1 Z-1

unit delay

multiplier

adder

Signal-flow graph –

A signal-flow graph ( SFG ) is a collection of nodes and directed edges. 

The nodes represent computations or tasks. A directed edge ( j,k ) denotes 

a branch originating from node j and terminating at node k, which denotes 

a linear transformation from the signal at node j to the signal at node k.

The SFG of the direct-form 3-tap FIR filter is shown on the top of next page.
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Notice that linear SFGs can be transformed into different forms without 

changing the system functions. Flow graph reversal or transposition is one 

of these transformations and is applicable to single-input-single-output 

systems to obtain equivalent transposed structure.

Data-flow graph –

Notice that the figure on the top of next page, here the edge from node A to 

node B enforces the inter-iteration precedence constraint, which implies that 

the execution of the k-th iteration of A must be completed before the (k+1)-th 

iteration of B. However, the edge from B to A enforces the intra-iteration 

precedence constraint, which states that the k-th iteration of B must be 

executed before the k-th iteration of A.

DFG : nodes represent computations ( or functions or subtasks ), while the 

directed edges represent data paths ( data communications between nodes ), 

each edge has a nonnegative number of delays associated with it.

DFG captures the data-driven property of DSP algorithm : any node can 

perform its computation whenever all its input data are available.

Each edge describes a precedence constraint between two nodes in DFG :

- Intra-iteration precedence constraint : if the edge has zero delays.

- Inter-iteration precedence constraint : if the edge has one or more delays

- DFGs and Block Diagrams can be used to describe both linear single-rate

and nonlinear multi-rate DSP systems.
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x

+
x(n)
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y(n)

D

A

B

D

(2)

(4)

A

B

D

(2)

(4)

1
1

1
1

Block diagram Conventional DFG Synchronous DFG

The synchronous DFG ( SDFG ) shown in the right figure depicts that A and 

B consume one data sample and produce one output

⇒ single-rate system.

The following figure shows an SDFG representation of a multirate system, 

where A, B, C are operated at different frequencies fA, fB, and fC, respectively. 

The relationships between them will be, 3 fA = 5 fB and 2 fB = 3 fC .

A
2

B C
35 231
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Dependence graph – ( used in systolic array design )

A directed graph ( DG ) that shows the dependence of the computations in 

an algorithm.

The nodes in a DG represent computations and the edges represent

precedence constraints among nodes. 

The differences from DFG –

1).In DFG only cover the computations in one iteration of the corresponding 

algorithm and they are executed repetitively from iteration to iteration. 

However, DG contains computations for all iterations in an algorithm.

2).DFGs contain delay elements that store and pass data from current 

iteration to subsequent iterations while DG does not contain delay 

elements.



Lecture 2 – Digital Signal Processing 
Review
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On the Origins of DSP
( Source Reference : Lecture Note of Prof. A. Antoniou, University of Victoria, Canada )

What is DSP ?
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Archimedes of Syracuse
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Algorithm for π
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Algorithm for π ( cont.)
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Algorithm for π ( cont.)
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Algorithm for π ( cont.)
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Algorithm for π ( cont.)
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Algorithm for π ( cont.)
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Interpolation
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Interpolation (cont.)
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Interpolation (cont.)
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Interpolation (cont.)



Interpolation (cont.)

The Stirling Interpolation Formula

(p13)
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Stirling Formula ( alternative form )
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Stirling Formula (cont.)



Stirling Formula (cont.)
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Discrete-time signals - sequences

• In discrete-time system theory, we are concerned with 
processing signals that are represented by sequences.

e.g.       X={ x(n) }, -∞＜ n ＜∞

• Unit-sample sequence : δ(n)
( impulse function ) is defined as, δ(n) = 0, n ≠ 0

=  1, n = 0

• Unit-step sequence : u (n) is defined as, 
u(n) = 1, n ≧ 0

=  0, n < 0
⇒ 1).   

⇒ 2). δ(n) = u(n) – u(n-1)
⇒ An arbitrary sequence can be expressed as a sum of scaled, 

delayed unit samples. e.g.
p(n) = a-3δ(n+3)+ a1δ(n-1)+ a2δ(n-2)+ a7δ(n-7)

P(n)a-3 a1

a2
a7

n
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k
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• More generally, an arbitrary sequence can be expressed as 
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• A system is defined mathematically as a unique transformation  

or operator that maps an input sequence x(n) into an output 

sequence y(n). This is denoted as  y(n) = T[x(n)]

• The class of linear systems is defined by the principle of 

“superposition”

• An arbitrary sequence x(n) can be represented as a sum of 

delayed and scaled unit-sample sequences.

• A linear system can be completely characterized by its unit-

sample response ( hk(n) ).

Linear shift-invariant systems
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Stability and Causality –

• We define a stable system as one for which every bounded input 

produces a bounded output ( BIBO ).

• Linear shift-invariant systems are stable if and only if

• A linear shift-invariant system is causal if and only if the unit-

sample response is zero for n < 0.

• FIR and IIR –

Nth-order linear constant-coefficient difference equation of the 

form.

N = 0, FIR N > 0, IIR
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Discrete-time signals and systems

• Sampling a continuous-time signal x(t) is to represent x(t) at a discrete 

number of points t = nT, where T is the sampling period.

• Firstly, the sampled x(t), denoted xs(t), is written as  xs(t) = x(t)p(t)

where p(t), called the sampling function.

• Since the sampling function p(t) is periodic, it can be represented 

by a Fourier series, thus

where Cn is the nth Fourier coefficient of p(t) and is given by

Since xs(t) is the product of x(t) and p(t), we have

We can now determine the spectrum of xs(t) which we shall 

denote by Xs(f), by taking the Fourier transform,

sampler encoderquantizer

continuous-time,
continuous-input signal
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Which , upon substitution for xs(t), becomes,

Interchanging the order of integration and summation yields,

From the definition of Fourier transform,

Thus the Fourier transform of the sampled signal can be written as,

[Conclusion] – The spectrum of the sampled signal x(t), is composed 

of the spectrum of x(t) plus the spectrum of x(t) translated to each 

harmonic of the sampling frequency. Each of the translated spectra is 

multiplied by a constant.
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Xs(f)

f
fn-fn 0

C0 C1 C2
C-1C-2

fs 2fs-fs-2fs

…….…….

• Sampling Theorem –

A band-limited signal x(t) having no frequency components above 

fn hertz is completely specified by samples that are taken at a 

uniform rate greater than 2fn hertz. The frequency 2fn is known as 

the Nyquist rate.

• Z-transform –

( A basic tool for both the analysis and synthesis of discrete-time systems )

A suitable model of a sampled signal is

Since δ(t-nT) is identically zero except at the sampling instants, t = 

nT, x(t) can be replaced by x(nT) if x(t) is continuous at t = nT. We 

shall also assume that  x(t) ≡ 0, t < 0

Taking the Laplace transform yields
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Upon interchanging integration & summation,

Using shifting property of the delta function yields

Define the parameter Z as Z = esT, the above equation becomes

The coefficient, x(nT), denotes the sample value and Z-n denotes that 

the sample occurs  n sample periods after the t = 0 reference. 

e.g. 128.7Z-37 denotes a sample having value 128.7, which occurs 37 

sample periods after the t = 0 reference.
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Difference equations & discrete-time systems
(Just as the differential equations can be used to model a 

continuous-time system, the difference equation can be used to 

model a discrete-time system)

• A linear discrete-time system operates in somewhat the same way 

in that the present system output, y(nT), must be computed using 

the present input x(nT), past inputs x(nT-kT), and past system 

outputs y( nT-kT ). 

The general difference equation is,

Solve the difference equation and Z-transforming both sides of the 

equation that yields 

or,
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The ratio of Y(z) to X(z) is the transfer function of the discrete-time 

system, which is often referred to as the pulse transfer function, is 

given by

• It was shown previously that the Z-transform of a unit pulse is 

unity. Thus if a discrete-time system has a unit pulse input, the 

system output is,

which can be inverse Z-transformed to yield  y(nT) = h(nT). The 

time sequence {h(nT)} is known as the unit pulse response 

( impulse response ).

• If h(nT) is zero for n < 0, the discrete-time system is known as a 

“causal system”.
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Digital filters
• The “synthesis” problem for discrete-time systems is to determine 

the “pulse transfer function” H(z) which satisfies the given 

specifications.

• The general form of the pulse transfer function of a fixed discrete-

time system can be written as
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X(z) Y(z)

H1(z) H2(z)

H1(z) and H2(z) can be replaced with each other. Notice that here 

from H1(z) and H2(z), we can obtain zeros and poles, respectively.



Lecture 3 – Iteration Bound

Introduction

The edge A → B has zero delays and B → A has one delay. An iteration of 

a node is the execution of the node once, and an iteration of the DFG is the 

execution of each node in the DFG exactly once.

The edge from B to A enforces the inter-iteration precedence constraint, 

which states that the k-th iteration of B must be executed before the 

(k+1)-th iteration of A whereas the edge from A to B enforces the intra-

iteration precedence constraint, which states that the k-th iteration of A

must be executed before the k-th iteration of B.

We denote that a single arrow for intra-iteration such as Ak → Bk and 

double arrow for inter-iteration such as Bk ⇒ Ak

Assume the execution times of multiplier and adder are Tm and Ta, 

respectively, then the iteration period for this example is Tm+ Ta. So for the 

signal, the sample period (Ts) must satisfy, Ts ≥ Tm+ Ta

Definitions:

- Iteration rate : the number of iterations executed per second.

- Sample rate : the number of samples processed in a DSP system per 

second. ( also called “throughput” )

A

B
D

(2)

(4)

DFG for y(n) = ay(n-1) + x(n)

execution time 
for the adder

(p1)

execution time 
for the multiplier

x(n)

Block diagram for y(n) = ay(n-1) + x(n)
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Critical path

The critical path of a DFG is defined to be the path with the

longest computation time among all paths that contain zero

delays.

Therefore, the DFG shown above has several paths with no 

delays. Here we know that the maximum computation time 

among these paths is 5 u.t. and two critical paths here, 6 → 3 

→ 2 → 1, and 5 → 3 → 2 → 1.

The computation time of the critical path is the minimum 

computation time for one iteration of the DFG.
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Iteration bound

A B

2D

(2) (4)

The loop shown on the right figure has 

two delays, requires 6 u.t. to compute, 

and has a loop bound of 6/2 = 3 u.t. 

To see how one iteration of this loop can 

be executed in 3 u.t., we have to examine 

the precedence constraints,

A0 → B0 ⇒ A2 → B2 ⇒ A4 → B4 ⇒ ….

A1 → B1 ⇒ A3 → B3 ⇒ A5 → B5 ⇒ ….

This shows two independent sets of 

precedence constraints, one set for the 

even iterations and one set for the odd 

iterations. 

In this case, two iterations can be 

computed in 6 u.t., resulting in a loop 

bound of 6/2 = 3.

Definitions :

- Loop: a directed path that begins and ends at the same node.

- Loop bound of the j-th loop: defined as Tj/Wj, where Tj is the loop 

computation time and Wj is the number of delays in the loop.

- Example 1 : a →b→c→a is a loop, its loop bound is going to be

Tloopbound = Tm+Ta = 10ns

- Example 2 : y(n) = a*y(n-2)+x(n), we have,
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A B

2D

(2) (4)

C

(5)

D

The above DFG contains two loops, the loops l1 = A → B → A and l2 = A → B 

→ C → A.

[example] : compute the loop bounds of the following loops:

TL1=(10+2)/1 = 12ns

TL2=(2+3+5)/2=5ns

TL3=(10+2+3)/2=7.5ns

Definitions:

- Critical Loop: the loop with the maximum loop bound

- Iteration bound of a DSP program: the loop bound of the critical loop, it is 

defined as 

where L is the set of loops in the DSP system, Tj is the computation time of 

the loop j and Wj is the number of delays in the loop j.

Therefore, the iteration bound of the example is being

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

=
∈∞

j

j

Lj W
T

T max

{ }5.7,5,12max
Ll

T
∈∞ =

A B C D
10ns 2ns 3ns 5ns

L1: D
L2: 2D

L3: 2D
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Iteration bound (cont.)

If no delay element in the loop, then  T∞ = TL / 0 = ∞

− Delay-free loops are non-computable, see the example:

Non-causal systems cannot be implemented

B = A· Z non-causal

A = B· Z-1 causal

Speed of a DSP system: depends on the “critical path computation time”

− Paths: do not contain delay elements ( 4 possible path locations )

(1). Input node → delay element

(2). Delay element’s output → output node

(3). Input node → output node

(4). Delay element → delay element

− Critical path of a DFG: the path with the longest computation time 

among all paths that contain zero delays.

− Clock period is lower bounded by the critical path computation time.

− Example: assume Tm = 10ns, Ta = 4ns, then the length of the critical path 

is 26ns ( see the red lines in the following figure )

− Critical path: the lower bound on clock period.

− To achieve high-speed, the length of the critical path can be reduced by 

pipelining and parallel processing ( Chapter 4 )
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Precedence constraints

Each edge of DFG defines a precedence constraint.

Precedence Constraints:

- Intra-iteration ⇒ edges with no delay elements.

- Inter-iteration ⇒ edges with non-zero delay elements.

Acyclic Precedence Graph (APG) : Graph obtained by deleting 

all edges with delay elements.



(p7)

Algorithms to compute iteration bound

− Longest Path Matrix (LPM)

− Minimum Cycle Mean (MCM)

Achieving Loop Bound

Loop contains three delay elements.

⇒ Loop bound=30/3=10 u.t.=(loop computation time)/(# of delay 

elements )
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Longest path matrix algorithm
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Example :

1 3

(1) (1)

4

(1)

D

2

(2)

5

(2)

6
(1)

7
(1)

D

Here we can construct the matrices L(m), m = 1,2 are

and

Therefore, the iteration bound is

Here we know that by taking the maximum of li,j
(m)/m for all 

possible values of i and m. we find the maximum loop bound 

of all loops in the DFG, which is the iteration bound.
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Minimum cycle mean
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Algorithm for minimum cycle mean
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• Example :

1 3

(1) (1)

4

(1)
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2

(2)
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D
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Lecture 4 – Pipelining and Parallel 
Processing

Outline

(p1)

Introduction

Introduction
Pipelining of FIR Digital Filters
Parallel Processing
Pipelining and Parallel Processing for Low Power

- Pipelining for Lower Power
- Parallel Processing for Lower Power
- Combining Pipelining and Parallel Processing for Lower Power
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Introduction ( cont. )
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Pipelining

Parallel Processing
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Pipelining of FIR digital filters
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Pipelining of FIR digital filters ( cont. )

?
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Example



(p7)



(p8)

Data-broadcast structures

• The critical path of the original 3-tap FIR filter can be reduced without 

introducing any pipelining latches by transposing the structure. Here let us 

take a look at the transposition theorem :

“Reversing the direction of all the edges in a given SFG and 

interchanging the input and output ports preserves the 

functionality of the system.”

• The data-broadcast structure where data are not stored but are broadcast to 

all the multipliers simultaneously and now the critical path is TM + TA.
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Fine-grain pipelining
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Parallel processing
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x(n)

Sample period
T / 4

Serial-to-Parallel
Converter

Parallel-to-Serial
Converter

MIMO
System

x(4k+3)
x(4k+2)

x(4k+1)
x(4k)

y(4k)
y(4k+1)
y(4k+2)
y(4k+3)

Clock  period
= T y(n)

Clock  period = 4 / T 
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Pipelining & parallel processing for low power
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Pipelining for low power – ( cont. )
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Consider the 3-tap FIR filter and its fine-grain pipelined version shown in 

page 9. Assume that the multiplication operation takes 10u.t. and the 

addition operation takes 2 u.t. For power estimation purposes, assume that 

the capacitance of the multiplier is 5 times that of an adder. In the fine-

grain pipelined filter, the multiplier is broken into 2 parts, m1 and m2, with 

computation time of 6 u.t. and 4 u.t. respectively, with capacitance 3 times 

and 2 times that of an adder, respectively. Assume the device threshold 

voltage is 0.6V. Also assume the nonpipelined filter to be operated at the 

supply voltage 5.0 V.

(a). What is the supply voltage of the pipelined filter if the clock period 

remains unchanged ? 

(b). What is the power consumption of the pipelined filter as a percentage 

of the original filter ?

[Sol]. Let CM be the capacitance of 1 multiplier and CA be the capacitance of 1 

adder. For the original filter, the charging capacitance along the critical 

path is Ccharge = CM + CA = 6CA

For the pipelined filter, the charging capacitance along the critical path is

Ccharge = Cm1 = Cm2+ CA = 3CA

where Cm1 and Cm2 are capacitances for m1 and m2 of 1 multiplier 

respectively.

Assume the pipelined filter is operated at supply voltage βV0. Substitute 

M = 2, V0 = 5.0, Vt = 0.6 into the quadratic equation in the last page, we 

can obtain 50 β2 – 31.36 β + 0.72 = 0

Here we know β = 0.6033 or 0.0239,

in which β = 0.0239 is infeasible since the supply voltage is less than the 

threshold voltage.

Therefore,

(a). The supply voltage should be βV0 = 3.0165 V

(b). Ratio = β2 = 36.4%
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Lecture 5 – Retiming

Retiming

(p1)

• Retiming is a transformation technique used to change the 

locations of delay elements in a circuit without affecting the 

input/output characteristics of the circuit.

• Let us check the IIR filter shown in the following,

• The left filter can be described as

• In addition, the right filter can also be described as

( ) ( ) ( 1)
( ) ( 1) ( 2)

y n x n w n
w n a y n b y n

= + −
= ⋅ − + ⋅ −

1 2

1

2

( ) ( ) ( 1) ( 1)
( ) ( 1)
( ) ( 2)

y n x n w n w n
w n a y n
w n b y n

= + − + −
= ⋅ −
= ⋅ −
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• We know that although the filters have delays at different locations, 

these filters have the same input / output characteristics

⇒ These two filters can be derived from one another using retiming.

• Benefits of retiming may includes :

(1). Reducing the clock period of the circuit.

(2). Reducing the number of registers in the circuit.

(3). Reducing the power consumption of the circuit, and

(4). Increasing the clock rate of a circuit by reducing the 

computation time of the critical path.

• What is “critical path” ? and check the critical path for the two filters.

• Retiming can be used to change the number of registers in a circuit.

( See the two filter shown on the last page )

• Retiming can be used to reduce the power consumption of a circuit 

by reducing switching, which can lead to dynamic power 

dissipation in CMOS circuits.
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Definitions and properties

• Retiming maps a circuit G to a retimed circuit Gr.

• A retiming solution is characterized by a value r(V) for each node V

in the graph. Let

w(e) – the weight of the edge e in the original graph G, and

wr(e) – the weight of the edge e in the retimed graph Gr

• The weight of the edge in the retimed graph is computed 

from the weight of the edge in the original graph using 

• For example, let us take a look at the following figure,

• The retiming values r(1) = 0, r(2) = 1, r(3) = 0, and r(4) = 0 can be 

used to obtain the retimed DFG of the right figure . e.g. the edge 

in the retimed DFG contains

• A retiming solution is feasible if wr(e) ≥ 0 holds for all edges.
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Properties of retiming

We may define a path is a sequence of edges and nodes

The weight of the path p is 

The computation time of the path is

A cycle is a closed path

Once we have the above definitions , we can describe the following 

properties :

1. The weight of the retimed path 

is given by wr(p)= w(p) + r(Vk) - r(V0)

2. Retiming does not change the number of delays in a cycle. 

( a special case of property 1  where Vk = V0 since wr(c)= w(c) + 
r(V0) - r(V0) = w(c) )

3. Retiming does not alter the iteration bound in a DFG as the

number of delays in a cycle does not change.

4. Adding the constant value j to the retiming value of each node

does not alter the number of delays in the edges of the retimed

graph.
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Retiming techniques

• We will firstly consider two special cases of retiming –

cutset retiming and pipelining. 

and then consider retiming 

(1). To minimize the clock period

(2).  To minimize the number of registers.

Explanation for property 3 of the last page : 
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Cutset Retiming and Pipelining –

• Cutset : A set of edges that if removed, or cut, results in two disjoint 

graphs. 

• Cutset retiming : Add delays to edges going one way.

• Cutset retiming only affects the weights of the edges in the cutset.

• If the 2 disconnected subgraphs are labeled G1 and G2 , then the 

cutset retiming comprises adding k delays to each edge from G1 to 

G2 and also removing k delays from each edge from G2 to G1. For 

example,

• Here we know the retiming values r(1) = 0, r(2) = 1, r(3) = 0, and r(4) 

= 1.
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• Notice that for feasibility of the retimed graph, wr(e) ≥ 0 must hold 

for all edges e in Gr ( causality of the system ) 

• Also, let e1,2 represent an edge from G1 to G2, and let e2,1 represent 

an edge from G2 to G1. Since cutset retiming adds k delays to each 

edge from G1 to G2, by applying wr(e1, 2) ≥ 0 , we can obtain w(e1, 2) + 

k ≥ 0. Similarly, we can obtain  w(e2, 1) - k ≥ 0.

• Combining these 2 inequalities, we can obtain

• So, the condition on k for cutset retiming to give a feasible solution.

• Let us check back our first example shown in page 3. We know

and so,  0 ≤ k ≤ 1

must hold ⇒ k = 1.

• If the cutset is chosen so the subgraph G2 is a single node, see the 

following figure.
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• Pipelining is a special case of cutset retiming where there are no 

edges in the cutset from the subgraph G2 to the subgraph G1 . In 

other words, pipelining applies to graphs without loops. ( these

cutsets are referred to as feed-forward cutsets ). See the following 

DFG with a cutset shown as a dashed line.

2D 2D 2D

Cutset retiming with k = 2

• Cutset retiming is often used in combination with slow-down ; 

replace each delay in the DFG with N delays to create an N-slow 

version of the DFG and then perform cutset retiming on the N-slow 

DFG. See the figure in the next page.
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• Here we see a 100-stage lattice filter in (a), which has a critical path 

of 101 adders and 2 multipliers. If we assume that addition and 

multiplication take 1 and 2 u.t., respectively, the minimum sample 

period is 101x1+2x2 = 105 u.t. 

• The corresponding 2-slow version of the circuit is shown in (b), and 

cutset retiming can be employed to obtain (c), where the critical 

path of the retimed circuit has 2 adders and 2 multipliers and has 

computation time 2x1+2x2 = 6 u.t. 

• Since this circuit is 2-slow, the minimum sample period is 2x6 = 12 

u.t.
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Retiming for clock period minimization

• For a circuit G, the minimum feasible clock period is the 

computation time of the critical path. ( the longest computation

time among all paths with no delays.

• In other words, we may define the minimum feasible clock period 

as

• Our target here is to find a retiming solution r0 such that Φ(Gr0) ≤

Φ(Gr) for any other retiming solution r.

• We also define : 

W( U, V ) - the minimum number of registers on any path from 

node U to node V.

D( U, V ) – the maximum computation time among all paths from 

U to V with weight W( U, V ).

Formally, we can write 

W(U,V) = min{w(p) : U→V} and 

D(U,V) = max{t(p) : U→V and w(p) = W(U,V)

• The algorithm used to compute W( U, V ) and D( U, V ).

(1). Let M = tmaxn, where tmax is the maximum computation time 

of the nodes in G and n is the # of nodes in G.

(2). Form a new graph G’ which is the same as G except the edge

weights are replaced by w’(e) = Mw(e) – t(U) for all edges

U V.

}0)(:)(max{)( ==Φ pwptG
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(3). Solve for all pair shortest path problem on G’ by using Floyd

Warshall algorithm. Let S’UV be the shortest path form U V.

(4). If U ≠ V, then W(U,V) = ⎡ S’UV/M ⎤ and D(U,V) = MW(U,V) -

S’UV + t(V). If U = V, then W(U,V) = 0 and D(U,V) = t(U).

* ⎡ x ⎤ denotes the ceiling of x.

• Here recall that our target is to determine if there is a retiming 

solution that can achieve a desired clock period. In other words, 

given a desired clock period c, there is a feasible retiming solution r

such that Φ(Gr) ≤ c provided that

1. r(U) - r(V) ≤ w(e) for every edge U V of G 

( feasibility constraint, also means the causality of the system )

2. r(U) - r(V) ≤ W(U,V) – 1 for all vertices U,V in G such that D(U,V) 

> c. ( critical path constraint )

• The causality of the system in 1 forces the number of delays on each 

edge in the retimed graph to be nonnegative. 

( Recall that  wr(e) = w(e) + r(V) - r(U)≥ 0  for an edge U V )

• Moreover, the critical path constraint enforces Φ(G) ≤ c. Notice that 

if D(U,V) > c, then W(U,V) + r(V) - r(U) ≥ 1 must hold for the critical 

path to have computation time less than or equal to c.
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Example for clock period minimization -

• By applying the feasibility 

constraint we can obtain,

r(1) – r(3) ≤ 1

r(1) – r(4) ≤ 2

r(2) – r(1) ≤ 1

r(3) – r(2) ≤ 0

r(4) – r(2) ≤ 0

• By applying the critical path constraint for c = 3 ( D(U,V) > 3 ), we 

can obtain

r(1) – r(2) ≤ 0

r(2) – r(3) ≤ 1

r(2) – r(4) ≤ 2

r(3) – r(1) ≤ 0

r(3) – r(4) ≤ 2

r(4) – r(1) ≤ 0

r(4) – r(3) ≤ 1

• If there is a solution to the 12 inequalities, then the solution is a 

feasible retiming solution such that the circuit can be clocked with 

period c = 3.
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Solving a system of inequalities : Given M inequalities in N variables 

where each inequality is of the form ri – rj ≤ k for integer values of k.

Draw a constraint graph

( a ).Draw the node i for each of the N variables ri, i = 1, 2, …, N.

( b ).Draw the node N+1.

( c ). For each inequality r i – rj ≤ k , draw the edge j i of length k.

( d ). For each node i, i = 1, 2, …, n, draw the edge N+1 i from the 

node N+1 to node i with length 0.

Solve using a shortest path algorithm.

( a ). The system of inequalities have a solution iff the constraint graph 

contains no negative cycles.

( b ). If a solution exists, one solution is where ri is the minimum 

length path from the node N+1 to node i.

For example, let us check a system of M = 5 inequalities

r1 – r2 ≤ 0 , r3 – r1 ≤ 5 , r4 – r1 ≤ 4 , r4 – r3 ≤ -1 , r3 – r2 ≤ 2 

in N = 4 variables. A solution to the system is determined to be

r1 = 0, r2 = 0, r3 = 0, r4 = -1.

1

2

5

3

4

0

0

0

0

0 2

5

4 -1
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Retiming for register minimization

• In figure (a) the fanout implementation using 1 + 3 + 7 = 11 registers 

while in figure (b) the implementation using max(1, 3, 7) = 7 

registers.

• So, we know if a node has several output edges carrying the same

signal, the number of registers required to implement these edges is 

the maximum number of registers on any one of the edges.

• With this concept, we know the number of registers required to 

implement the output edges of the node V in the retimed graph is

and the total register cost in the retimed circuit is COST = Σ RV.

• Notice that the topic here is to find a retiming solution that uses the 

minimum number of registers while satisfying the clock period 

constraint.

• So, our question here is to minimize COST = Σ RV subject to the 

following constraints :

)}({max
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• (Fanout constraint)   Rv ≥ wr(e) for all V and all edges V → ?

• (Feasibility constraint)  r(U) – r(V) ≤ w(e) for every edge U → V.

• ( Clock period constraint ) r(U) – r(V) ≤ W(U, V) –1 for all vertices U, 

V such that D(U, V) > c.



Lecture 6 – Unfolding

Unfolding

(p1)

• Unfolding is a transformation technique that can be applied to a

DSP program to create a new program describing more than one 

iteration of the original program.

J = unfolding factor used to create a new program that 

describes J consecutive iterations of the original program.

• Let’s take an example, consider the DSP program

y(n) = ay(n-9) + x(n) for n = 0 to ∞

as shown in the following figure.

• Here we can replace the index n with 2k results in 

y(2k) = ay(2k-9)+x(2k) for k = 0 to ∞.

• Also, we can replace the index n with 2k+1 results in 

y(2k+1) = ay(2k-8)+x(2k+1) for k = 0 to ∞.

• These two equations describe two consecutive iterations of the 

original DSP program and they also describe a 2-unfolded version 

of the original DSP program.
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• And also not only we can obtain J ( unfolding factor ) but we can 

spot the delays in the unfolded graph.
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• In a ‘J ’ unfolded system each delay is J-slow 

⇒ If input to a delay element is x(kJ + m) 

⇒ The output is x((k-1)J + m) = x( kJ  +  m  – J    ) ⇐ J samples

• Unfolding has many applications, which includes

(1). Reveal hidden concurrencies so that the program can be 

scheduled to a smaller iteration period.

(2). Design parallel architecture.

A0→B0=>A2→B2 => A4→B4 

=>…

A1→B1 =>A3→B3 => A5→B5 

=>…

2 nodes & 2 edges

T∞= (1+1)/2 = 1ut

Unfolding ≡ Parallel Processing
2-unfolded

0, 2, 4,…

1, 3, 5,…

4 nodes & 4 edges

T∞= 2/2 = 1ut
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Unfolding algorithm

Before we introduce the algorithm, we shall introduce some operations

(1). ⎣x⎦ is the floor of x, which is the largest integer less than or 

equal to x.     e.g. ⎣11/4⎦ = 2,  ⎣25/3⎦ = 8.

(2). a % b is the remainder after dividing a by b, where a and b are 

integer. e.g. 11%4 = 3,  25%3 = 1.

For each node U in the original DFG, there are J nodes with the 

same function as U in the J-unfolded DFG. 

For each edge in the original DFG, there are J edges in the J-

unfolded DFG.

Unfolding algorithm :

1. For each node U in the original DFG, draw the J nodes 

U0, U1,…UJ-1.

2. For each edge U → V with w delays in the original DFG, draw the 

J edges Ui → V(i+w)%J with  delays for i = 0, 1, ….J-1.

( e.g. ) The example shown below,

⎥⎦
⎥

⎢⎣
⎢ +

J
wi
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• Notice that unfolding of an edge with w delays in the original 

DFG produces J - w edges with no delays and w edges with 1 

delay in J-unfolded DFG for w < J.

• Unfolding preserves precedence constraints of a DSP program.

• This can be explained with the fact that the k-th iteration of the 

node Ui in the J-unfolded DFG executes the ( Jk+i )-th iteration of 

the node U in the original DFG.

⇒ Due to the  delays on the edge Ui → V(i+w)%J, the output of 

the k-th iteration of the node Ui is consumed by the ( k + )-th

iteration of the node V(i+w)%J in the unfolded DFG. The k-th

iteration of Ui corresponds to the ( Jk+i )-th iteration of the node U,

and ( k + )-th iteration of V(i+w)%J corresponds to the ( J(k+

)+(i+w)%J )-th iteration of the node V.

⇒ Therefore, in the original DFG, the output of the ( Jk+i)-th

iteration of the node U is consumed by the ( J(k+ )+(i+w)%J)-

th iteration of the node V, 

So, the number of delays on the edge U →V is 

J(k+ )+(i+w)%J- ( Jk+i)

= ( J +(i+w)%J ) – i

= i + w – i = w

⎥⎦
⎥

⎢⎣
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J
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J
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( 1 ). Unfolding preserves the number of delays in a DFG.

⇒ This can be stated mathematically as,

( 2 ). J-unfolding of a loop l with wl delays in the original DFG leads 

to gcd( wl ,J ) loops in the unfolded DFG, and each of these 

gcd( wl ,J ) loops contains wl/ gcd( wl ,J ) delays and J/ gcd( wl ,J ) 

copies of each node that appears in l.

⇒ The loop l can be denoted as the path with wl delays. 

If the loop l is traversed p times ( p ≥ 1 ), this results in the 

path  with pwl delays. The unfolded path 

starting at the node Ai in the J-unfolded DFG is

and this path forms a loop in the unfolded DFG if

Our question is what is the minimum value of p ?  

Properties of unfolding

w
J
Jw

J
w

J
w

=⎥⎦
⎥

⎢⎣
⎢ −+

+⎥⎦
⎥

⎢⎣
⎢ +

+⎥⎦
⎥

⎢⎣
⎢ 1.......1

AA l⎯→⎯

AAA ll ⎯→⎯⎯→⎯ ...

Jpwii l
AA )%( +→

Jpwii l )%( +=
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• The left figure contains a single loop l = A→ B→ C→A with wl = 6 

delays. The right figure shows the 3-unfolded DFG.

• For J = 3, the equation i = ( i + pwl ) %J becomes i = ( i + 6p )%3

which holds for i = 0, 1, 2 for p = 1. 

• Therefore. Unfolding p = 1 instance of the loop results in a loop in 

the 3-unfolded DFG.

• Starting at A0, unfolding the loop l results in the loop A0→B1→C0

→A0, and starting at A1 results in the loop A1→B2→C1→A1, and 

starting at A2 results in the loop A2→B0→C2→A2.

• [Lemma] : ⇔ pwl = qJ for an integer q.

• [Lemma] : The smallest positive integer p that satisfies pwl = qJ is 

J / gcd( wl, J ).

A

B

C

D
2D

3D

A0

A1

A2

B0

B1

B2

C0

C1

C2

D

D
D

D D

D

Jpwii l )%( +=
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( 3 ).Unfolding a DFG with iteration bound T∞ results in a J-unfolded 

DFG with iteration bound JT∞ .

⇒ Mathematically, the iteration bound of the original DFG is T∞

= maxl{ tl / wl } by using property ( 2 ), the iteration bound is

( 4 ). Consider a path with w delays in the original DFG. J-unfolding 

of this path leads to ( J-w) paths with no delays and w paths 

with 1 delay each, when w < J.

⇒ Any path in the original DFG containing J or more delays 

leads to J paths with 1 or more delays in each path. Therefore, 

a path in the original DFG with J or more delays cannot create 

a critical path in the J-unfolded DFG.

∞∞ =
⎭
⎬
⎫

⎩
⎨
⎧

=
⎭
⎬
⎫

⎩
⎨
⎧

= JT
w
tJ

Jww
tJwJT

l

l

ll

ll max
),gcd(/

)),gcd(/(max'
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1. Sample period reduction –

• In some cases, the DSP program cannot be implemented with the 

iteration period equal to the iteration bound without the use of

unfolding.

( case 1) : When there is a node in the DFG that has computation

time greater than T∞ , the iteration period cannot be made 

equal to the iteration bound. For example, see the figure 

below,

Applications of unfolding

• The iteration bound T∞ = 3 u.t., but the nodes S and T each require 

computation times of 4 u.t. So, the minimum sample period after 

retiming is 4 u.t.

• However, the DFG can be unfolded with J = 2 to get the right figure, 

which has iteration bound T∞ = 6 u.t. and its critical path is 6 u.t. So, 

the sample period is 6/2 = 3 u.t.
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• In general, if the computation time of a node ‘U’, tU, is greater than 

the iteration bound T∞, then ⎡tU/T ∞⎤ - unfolding should be used.

• In the example, tU = 4, and T∞ = 3, so ⎡4/3⎤ - unfolding.  i.e., 2-

unfolding is used.

( case 2) : The original DFG cannot have sample period equal to 

the iteration bound because the iteration bound is not an 

integer as shown in the following figure. ( T∞ = 4 / 3, 

minimum sample is 2 u.t. )

• However, the unfolded DFG performs 3 iterations of the original 

DSP program in 4 u.t. so the sample period of the unfolded DFG is 

4/3 u.t.,which is the same as the iteration bound of the original 

DFG.
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• In general, if a critical loop bound is of the form tl / wl where tl and 

wl are mutually co-prime, then wl-unfolding should be used.

• For example, if  tl = 60 and wl = 45, then tl / wl should be written as 

4/3 and 3-unfolding should be used.

( case 3 ) : When the longest node computation time is larger than 

the iteration bound, T∞ , and T∞ is not an integer.

⇒ The minimum unfolding factor that allows the iteration period 

to equal the iteration bound is the minimum value of J such that

JT∞ is an integer and is greater than or equal to the longest node 

computation time. Say, T∞ =4/3 and the longest node 

computation time = 6, then J(4/3) ≥ 6 ⇒ J = 6

• Perfect-rate DFG -

1.  Any DFG with 1 delay in each loop is called a perfect-rate DFG. 

2. A perfect-rate DFG can always be scheduled such that the 

iteration period is equal to the iteration bound of the DFG. 

3. If a DFG is not perfect rate, it can always be unfolded so the 

unfolded DFG is perfect rate.

Recall the property (2) on page 6, “J-unfolding a loop l with wl

delays forms gcd(wl,J) loops and each loop contains wl/gcd(wl,J) 

delays”. 

⇒ If gcd(wl,J) = wl, the unfolded loops contain 1 delay each, and 

the unfolded DFG is perfect rate.
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• From the above viewpoint, J must be a multiple of wl for each loop l. 

Choosing J to be equal to the lcm of the number of loop delays 

implies that J is a multiple of wl for each loop l, which make sure 

that the unfolded DFG is perfect rate.

For example, see the left DFG in page 9. 

Here we have the number of loop delays is lcm{ 2, 3 } = 6, 

Therefore, by employing unfolding factor J = 6 guarantees an 

unfolded DFG with sample period equal to the iteration period.
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Word-level parallel processing -

The unfolding transformation can be used to design a word-parallel 

architecture from a word-serial architecture.

In general, unfolding a word-serial architecture by J creates a word-

parallel architecture that processes J words per clock cycle.

Let us take an example, consider the DSP program y(n) = ax(n)+bx(n-

4) + cx(n-6), its corresponding DFG is shown in the following left 

figure. And the 3-unfolded DFG is shown on the right figure.

Parallel processing
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Bit-level parallel processing –

Here we assume W is the wordlength of the data.

• Bit-serial processing : One bit is processed per clock cycle and a 

complete word is processed in W clock cycles.

• Bit-parallel processing : One word of W bits is processed every 

clock cycle.

• Digital-serial processing : N bits are processed per clock cycle and a 

word is processed in W/N clock cycles. N is referred to as the digit 

size.

The following figures show the difference between these three 

processing styles for W = 4.
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• An example of a bit-serial adder architecture for wordlength W=4 is 

shown in the following figure.

• To obtain a digital-serial or bit-parallel adder architecture, the bit-

serial adder must be unfolded. Notice that the bit-serial adder is 

typical of most bit-serial architecture in that it contains an edge with 

a switch ( multiplexer in hardware )

• Therefore, we firstly consider the edge unfolding process with 

switches and then we can apply to design digital-serial and bit-

parallel architectures. 

• Let’s consider the edge U → V in the following figure. And we also 

assume that 

( 1 ). The wordlength W is a multiple of the unfolding factor J, 

( W = W’J )

( 2 ). All edges into and out of the switch have no delays.

Wl+u

U V
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• Therefore, the edge in the last figure can be unfolded using the

following 2 steps :

1. Write the switching instance as

2. Draw an edge with no delays in the unfolded graph from the 

node Uu%J to the node Vu%J , which is switched at time instance 

Now, we can unfold the switch for unfolding factor J = 3 assuming W = 

12 and u = 7, which satisfies the two assumptions because W = W’J ( 12 

= 4x3 ), and the edge has no delays. The switching instance can be 

written as

The switch in the above figure closes at the 4 switching instance 12l+1,7, 

9, 11. To unfold the DFG by J = 3.
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• These switching instances are written as

12l + 1 = 3(4l + 0) + 1

12l + 7 = 3(4l + 2) + 1

12l + 9 = 3(4l + 3) + 0

12l + 11 = 3(4l + 3) + 2

The unfolded DFG is shown in the right figure.

• Unfolding a DFG containing an edge having a switch and a positive 

number of delays is done by introducing a dummy node.



Lecture 7 – Folding
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• Folding is a technique to reduce the silicon area by time-

multiplexing many algorithm operations into single functional 

units (such as adders and multipliers)

• For example, y(n) = a(n) + b(n) + c(n) as shown in the following

figure.

• Here we can obtain the folded architecture where 2 additions are

folded or time-multiplexed to a single pipelined adder One output 

sample is produced every 2 clock cycles ⇒ input should be valid 

for 2 clock cycles as shown in the follows.

• In general, the data on the input of a folded realization is assumed 

to be valid for N cycles before changing, where N is the number of 

algorithm operations executed on a single functional unit in 

hardware.
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Folding transformation

• Nl + u and Nl + v are respectively the time units at which l-th

iteration of the nodes U and V are scheduled.

• u and v are called folding orders (time partition at which the node 

is scheduled to be executed) and satisfy 0 ≤ u,v ≤ N-1.

• N is the folding factor  i.e., the number of operations folded to a 

single functional unit.

• HU and HV are functional units that execute u and v respectively.

• HU is pipelined by PU stages and its output is available at Nl+u +PU.

• Edge U →V has w(e) delays ⇒ the l-th iteration of U is used by

(l + w(e))-th iteration of node V, which is executed at N(l + w(e))+ v. 

So, the result should be stored for :

DF(U→V) = [N(l + w(e)) + v] – [Nl + PU + u]

⇒ DF(U→V) = Nw(e) - PU + v – u ( independent of l )
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• Folding Set : An ordered set of N operations executed by the same 

functional unit. The operations are ordered from 0 to N-1. Some of 

the operations may be null. For example, Folding set S1={A1,0,A2} 

is for folding factor N=3. A1 has a folding order of 0 and A2 of 2 

and are respectively denoted by (S1|0) and (S1|2).

• Example: Folding a retimed biquad filter by N = 4.

• Assume that Addition time = 1u.t., Multiplication time = 2u.t., 1 

stage pipelined adder and 2 stage pipelined multiplier( i.e., PA=1 

and PM=2 )

• The folding sets are S1 = {4, 2, 3, 1} and S2 = {5, 8, 6, 7}
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Folding equations for each of the 11 edges are as follows:

DF(1→2) = 4(1) – 1 + 1 – 3 = 1 , DF(1→5) = 4(1) – 1 + 0 – 3 = 0

DF(1→6) = 4(1) – 1 + 2 – 3 = 2 , DF(1→7) = 4(1) – 1 + 3 – 3 = 3

DF(1→8) = 4(2) – 1 + 1 – 3 = 5 , DF(3→1) = 4(0) – 1 + 3 – 2 = 0

DF(4→2) = 4(0) – 1 + 1 – 0 = 0 , DF(5→3) = 4(0) – 2 + 2 – 0 = 0

DF(6→4) = 4(1) – 2 + 0 – 2 = 0 , DF(7→3) = 4(1) – 2 + 2 – 3 = 1

DF(8→4) = 4(1) – 2 + 0 – 1 = 1

⎥⎦
⎥

⎢⎣
⎢ +

J
wi
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Retiming for folding -

For a folded system to be realizable DF( U→V ) ≥ 0 for all edges.

If D’F( U → V ) is the folded delays in the edge U → V for the 

retimed graph then D’F( U → V ) ≥ 0.

So,

Nwr(e) – PU + v – u ≥ 0 … where wr(e) = w(e) + r(V) - r(U)

⇒ N(w(e) + r(V) – r(U) ) - PU + v – u ≥ 0

⇒ r(U) – r(V) ≤ DF( U → V ) /N

⇒ r(U) – r(V) ≤ ⎣ DF( U → V )/N ⎦ ( since retiming values are integers )



• Lifetime analysis is used for register minimization techniques in a 

DSP hardware.

• A ‘data sample or variable’ is live from the time it is produced 

through the time it is consumed. After that it is dead.

• Linear lifetime chart : Represents the lifetime of the variables in a 

linear fashion.

- For example, consider a DSP program that produces the 3 variables 

a, b, c. Let the variable a be live during time units n ∈ { 1, 2, 3, 4 }. 

Let b be live during time units n ∈ { 2, 3, 4, 5, 6, 7 }, and let c be live 

during time units n ∈ { 5, 6, 7 }. Assuming that the lifetimes of 

variables from the previous and subsequent iterations of the 

program do not overlap, the number of live variables during the 

time units 1, 2, 3, 4, 5, 6, 7 is 1, 2, 2, 2, 2, 2, 2, respectively.

Register minimization technique

(p6)



(p7)

• In general, DSP programs are periodic. Thus, the lifetimes of a, b, 

and c from one iteration of the underlying DSP program may 

overlap with the lifetimes of these the same variables from other 

iterations.

• Notice that the lifetime of a1 overlaps with the lifetimes of b0 and c0, 

and as a result the DSP program requires 3 registers when the 

periodic nature of the DSP program is taken into account. ( See the 

right figure of the last page )

• Notice that linear lifetime chart uses the convention that the 

variable is not live during the clock cycle when it is produced but 

live during the clock cycle when it is consumed.

• Due to the periodic nature of DSP programs the lifetime chart can 

be drawn for only one iteration to give an indication of the # of 

registers that are needed. This is done as follows :

• Let N be the iteration period

• Let the # of live variables at time partitions n ≥ N be the # of live 

variables due to 0-th iteration at cycles n-kN for k ≥ 0. In the 

example, # of live variables at cycle 7 ≥ N (=6) is the sum of the # of 

live variables due to the 0-th iteration at cycles 7 and (7 - 1´6) = 1, 

which is 2 + 1 = 3.
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• Matrix transpose example :

• The following table shows the lifetime analysis. ( N = 9 )

• To make the system causal a latency of 4 is added to the difference so 

that Tout is the actual output time.
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• Another way to represent the periodic behavior of DSP programs 

using a circular lifetime chart as shown in the follows.

• In a circular lifetime chart of periodicity N ( = 9 ), the point marked i 

(0 ≤ i ≤ N - 1) represents the time partition i and all time instances 

{(Nl +i)} where l is any non-negative integer.

• For example : If N = 9, then time partition i = 3 represents time 

instances { 3, 12, 21, …}.

• Notice that variable produced during time unit j and consumed 

during time unit k is shown to be alive from ‘j +1’ to ‘k’.

• The numbers in the parentheses in the adjacent figure correspond to 

the # of live variables at each time partition.
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Data allocation using 

“forward-backward register allocation” -

• So far, we know how to obtain the minimum number of registers 

required to implement the DSP program. Here, we start to find out 

how the data can be allocated to these registers.

• Register allocation can be carried out using an allocation table as 

shown in the follows. Note that hashing is done to avoid conflict 

during backward allocation.
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Steps for Forward-Backward Register allocation :

(1). Determine the minimum number of registers using lifetime 

analysis.

(2). Input each variable at the time step corresponding to the 

beginning of its lifetime. If multiple variables are input in a given 

cycle, these are allocated to multiple registers with preference

given to the variable with the longest lifetime.

(3). Each variable is allocated in a forward manner until it is dead or it 

reaches the last register. In forward allocation, if the register i 

holds the variable in the current cycle, then register i + 1 holds the 

same variable in the next cycle. If (i + 1)-th register is not free then 

use the first available forward register.

(4). Being periodic the allocation repeats in each iteration. So hash out 

the register Rj for the cycle l + N if it holds a variable during cycle

l.

(5). For variables that reach the last register and are still alive, they are 

allocated in a backward manner on a first come first serve basis.

(6). Repeat steps 4 and 5 until the allocation is complete.
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• For example, See the following forward-backward register 

allocation ( the allocation table is in the right figure of p6 )

• So, the architecture corresponding to the allocation table is shown 

below. Here we spot that the transition of R1 to R2 is at 6l+1, 2, 5 

and a feedback path for the backward operation is at 6l+0, 3, 4. And 

output at 2 different registers at 2 different instants. That is, R2 at 

6l+1, 4 and R3 at 6l+1, respectively.
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Register minimization in folded architecture -

Perform retiming for folding.

Write the folding equations.

Use the folding equations to construct a lifetime table.

Draw the lifetime chart and determine the required number of 

registers.

Perform forward-backward register allocation.

Draw the folded architecture that uses the minimum number of 

registers.

For example see the retimed biquad filter shown in page 3. Here 

we can obtain the lifetimes as shown in the following table.  

The time Tinput for the node U is 

u+PU, where u is the folding order 

of U and PU is the number of 

pipelining stages in the functional 

unit that executes U. 

For example, Tinput for node 1 is 

3+1 = 4.

The time Toutput for the node U is 

u+PU+maxv{DF(U→V)}, in which 

maxv{DF(U→V)} represents the 
longest folded path delay among 

all edges that begin at the node U.

For example, Toutput for the node 1 is 

3+1+max{1,0,2,3,5} = 3+1+5 = 9.
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So, the lifetime chart for the lifetime table is shown in the follows. 

( N = 4 ).

• From this lifetime chart, it can be seen that the folded architecture 

requires 2 registers.

• The next step is to perform forward-backward register allocation. 

The table is shown below.
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• See the retimed biquad filter.

• From the allocation table, we know the variable ni in the table 

denotes the output of the node i, where only shows the 3 variables 

n1, n7, and n8 because these are the only variables with lifetimes that 

have nonzero duration.

• From the table, the final architecture can be synthesized as shown in 

the follows.



Lecture 8 – Bit-level Arithmetic 
Architectures
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• Three implementation styles, bit-parallel, bit-serial, and digital 

serial are frequently encountered in DSP algorithms.

• Bit-parallel systems process one whole word of the input sample 

each clock cycle and are ideal for high-speed applications.

• Bit-serial systems are area-efficient and suitable for low-speed 

applications.

• Bit-parallel operators may be employed for the implementation of 

data-flow algorithms for low complexity and high data rate.

• Bit-serial arithmetic is used for the implementation of data-flow 

algorithms of medium complexity and low to medium data rate.

• Basic assumption in the lecture – all numbers are assumed to be 

represented in fixed-point 2’s complement representation.

• A W-bit fixed point 2’s complement number A is represented as :

A=a w-1.a w-2…a1.a0

where the bits ai, 0 ≤ i ≤ W-1, are either 0 or 1, and the MSB is the  

sign bit.

• The value of this number is in the range of [-1, 1 – 2-W+1] and is 

given by :
i
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• The main advantage of 2’s complement arithmetic is the ability to 

generate a correct final result in spite of intermediate overflow. 

Thus, in a chain of additions or subtractions, the final result is 

correct if it is known to lie in the range [ -(1-2-W+1), 1-2-W+1] even 

though intermediate operations lead to overflow.

• For bit-serial implementations, constant word length multipliers 

are considered. For a W×W bit multiplication the W most-

significant bits of the ( 2W-1 )-bit product are retained.

Parallel multipliers

• Let the multiplicand and multiplier be A and B :

where –1 < A, B < 1  and the case when both A and B is equal to –1 is 

excluded. The value of their product P = A × B is given by :

where the radix point is to the right of the MSB p2w-2

i
W

i
iWWWW aaaaaaA −

−

=
−−−−− ∑+−== 2...

1

1
110121

i
W

i
iWWWW bbbbbbB −

−

=
−−−−− ∑+−== 2...

1

1
110121

i
W

i
iWW ppP −

−

=
−−− ∑+−= 2

22

1
2222



(p4)

• In constant word length multiplication, the W – 1 lower order bits 

in the product P are ignored and the product is denoted as 

X ⇐ P = A × B, where

Parallel multiplication with sign extension -

• Using Horner’s rule, multiplication of A and B can be written as,
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where 2-1 denotes a scaling operation.

• In 2’s complement, negating a number is equivalent to taking its 1’s 

complement and adding 1 to LSB as shown below:
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• The additions cannot be carried out directly due to terms having

negative weight. Sign extension is used to solve this problem. 

For example,

A = -a3 + a22-1 + a12-2 + a02-3

= -a32 + a3 + a22-1 + a12-2 + a02-3

= -a322 + a32 + a3 + a22-1 + a12-2 + a02-3

• In 2’s complement representation, the scaling operation 2-I is always 

performed as shift right with sign extension. For example, scaling of 

A by 2-1 is carried out as follows :

A⋅2-1 = (-a3 + a22-1 + a12-2 + a02-3 )2-1

= -a32-1 + a22-2 + a12-3 + a02-4

= -a3 + a32-1 + a22-2 + a12-3 + a02-4

⇒ -a3 + a32-1 + a22-2 + a12-3

a3 a2 a1 a0

b3 b2 b1 b0

-a3b0 a2b0 a1b0 a0b0

-a3b1 a2b1 a1b1 a0b1

-a3b2 a2b2 a1b2 a0b2

-a3b3 a2b3 a1b3 a0b3

b3

p6 p5 p4 p3 p2 p1 p0

eliminated
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3
301

1
2

2
3

33
3

01
1

2
2

3
33

3

2)222(2

)1222(2

baaaab

aaaab

++++−×

=++++−×



(p7)

a3 a2 a1 a0

b3 b2 b1 b0

-a3b0 a2b0 a1b0 a0b0

-a3b1 a2b1 a1b1 a0b1

-a3b2 a2b2 a1b2 a0b2

-a3b3 a2b3 a1b3 a0b3

b3

p6 p5 p4 p3 p2 p1 p0

3
301

1
2

2
3

33
3 2)222(2 baaaab ++++−×

a3 a2 a1 a0

b3 b2 b1 b0

a3b0 a3b0 a2b0 a1b0 a0b0

a3b1 a2b1 a1b1 a0b1

pp3
1 pp3

1 pp2
1 pp1

1 pp0
1

a3b2 a2b2 a1b2 a0b2

pp3
2 pp3

2 pp2
2 pp1

2 pp0
2

a3b3 a2b3 a1b3 a0b3

b3

x3 x2 x1 x0



• In the carry-ripple array multiplier, the carry output of an adder is 

rippled to the adder to the left in the same row.

Parallel Carry- Ripple Array Multipliers

(p8)
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Parallel Carry- Save Array Multipliers
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• Handles the sign bits of the multiplicand and multiplier efficiently.

Baugh-Wooley Multipliers
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• Let’s check the operation of multiplication. In fact, only two basic 

operations : the generation of partial products and their 

accumulation.

• Therefore, two approaches can speed up the operation : reduce 

the number of partial products or accelerate their accumulation.

• The number of partial products can be reduced by the modified 

Booth recoding.

• The algorithm is based on the fact that fewer partial products 

need to be generated for groups of consecutive zeros and ones.

• Hence, in this multiplication scheme, the multiplier bits are first 

recoded into signed-digit representation with fewer number of 

nonzero digits; the partial products are then generated using the 

recoded multiplier digits and accumulated.

• In the algorithm, the signed-digit set { -2, -1, 0, 1, 2 } is employed, 

and it is , therefore, also referred to as 5-level Booth recoding. 

• In this recoding algorithm, the multiplier bits b2i+1 and b2i are 

recoded into signed digit bi’, with b2i-1 serving as a reference bit. 

Where b-1 = 0 is appended after the LSB of this multiplier as a 

reference bit.

Parallel Multipliers with Modified 
Booth Recoding
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• Five possible digits in yi – radix 5

• However, five digits require coding by 

3 binary bits

b7 b6 b5 b4 b3 b2 b1 b0 b-1

b0
’

If yi = xi-1 + xi – 2xi+1

X = Y = 16y4 + 4y2 + y0 yi ∈{ -2, -1, 0, 1, 2 }

b1
’b2

’b3
’
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02
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• Distributed arithmetic is used to design bit-level architecture for 

vector-vector multiplications.

• In distributed arithmetic, each word in the vectors is represented as 

a binary number, the multiplications are reordered and mixed such 

that the arithmetic becomes “distributed” through the structure.

• Typical case to use DA – Discrete cosine transform ( DCT ) in video 

compression systems.

Distributed Arithmetic ( DA )
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Define

Then, 

Since the term Cj depends on the xi,j values and has only 2N possible 

values, it is possible to pre-compute them and store them in a ROM. 

In other words, an input set of N bits ( x0j, x1j, ….. x N-1,j ) is used as 

an address to retrieve the corresponding Cj values.
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These intermediate results are accumulated in W clock cycles to 

produce one Y value, which leads to a multiplier-free realization of 

vector multiplication.

DA with Offset-Binary Coding –
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Now, let’s investigate the ROM content for OBC coding ( N = 4 )

x0,j x1,j x2,j x3,j Content of the ROM
0 0 0 0 -( c0 + c1 + c2 + c3 )/2
0 0 0 1 -( c0 + c1 + c2 - c3 )/2
0 0 1 0 -( c0 + c1 - c2 + c3 )/2
0 0 1 1 -( c0 + c1 - c2 - c3 )/2
0 1 0 0 -( c0 - c1 + c2 + c3 )/2
0 1 0 1 -( c0 - c1 + c2 - c3 )/2
0 1 1 0 -( c0 - c1 - c2 + c3 )/2
0 1 1 1 -( c0 - c1 - c2 - c3 )/2
1 0 0 0 ( c0 - c1 - c2 - c3 )/2
1 0 0 1 ( c0 - c1 - c2 + c3 )/2
1 0 1 0 ( c0 - c1 + c2 - c3 )/2
1 0 1 1 ( c0 - c1 + c2 + c3 )/2
1 1 0 0 ( c0 + c1 - c2 - c3 )/2
1 1 0 1 ( c0 + c1 - c2 + c3 )/2
1 1 1 0 ( c0 + c1 + c2 - c3 )/2
1 1 1 1 ( c0 + c1 + c2 + c3 )/2
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ROM decomposition for DA -

The ROM size of the conventional DA increases exponentially with 

N. Generally, ROM access time can be a bottleneck for speed of the 

whole system, especially when ROM size is large. Therefore, 

reducing the ROM size is very important and is of great practical 

concern.

We can actually divide the N address bits of the ROM of size 2N into 

N/K groups of K bits.

The total size of storage is now reduced from 2N to ( N/K )2K which 

increases linearly with N.



Lecture 9 – Synchronous and
Wave Pipelines

(p1)

• Conventionally, high throughput for high-speed VLSI design can 

be obtained by dividing the combinational logic into a number of

stages separated by registers/latches controlled by a global clock.

• Consequently, clock distribution and minimization of clock skew

have become principal bottlenecks in the design of synchronous 

systems.

• Alternatively, wave pipelining is a technique employed to decrease

the effective number of pipeline stages in a digital system without 

increasing the number of physical registers in the pipeline, which is 

achieved by applying new data to the inputs of the combinational

logic before the output is available ⇒ ‘pipelining’ the 

combinational logic.

• The approaches to analyze the circuits here is performing both 

detailed system-level and circuit-level analysis.

1. System-level – taking into account the clock period, the 

intentional clock skew, and the global clock latency.

2. Circuit-level – performing precise estimates of the maximum 

and minimum delays through combinational logic circuits.
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• Consider a typical synchronous system shown below,

Synchronous pipelining and clocking styles

• Note that due to the differences in circuit path lengths and other 

factors, the delay through the combinational block may vary. 

However, this delay shall be bounded between tmin and tmax as 

shown in fig. (b).

• Therefore, the output register is clocked in the unshaded region 

after the latest data has arrived at the output of the combinational 

block ( for setup time ).
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• The conventional approach for decreasing the clock period of the

system is by pipelining the combinational block as shown in the 

following figures.

• Here the combinational block is divided into 2 parts and a register 

is inserted between them and thus each computation takes 2 clock

cycles to propagate through the system.

• The insertion of the register reduces the maximum delay of the 

combinational block, and therefore the overall system clock period 

can be reduced.
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Clocking styles -

• The 2-phase clocking was employed in most of the earlier designs 

of digital systems, which is to use 2 non-overlapping clocks ϕ1 and 

ϕ2 as shown in the following figure.

• Clock ϕ1 is referred to as the master clock and ϕ2 is referred to as the 

slave clock.

• A synchronous register can then be designed by cascading 2 latches 

in the master-slave configuration as shown in the following figure.

D-latch D-latchD Q

ϕ1 ϕ2
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• Valid on phase ϕi ( [ Vϕi ] ) – if a signal X is stable around the falling 

edge of ϕi .

• Stable on phase ϕi ( [ Sϕi ] ) – if a signal Y is stable for the entire 

duration when ϕi is high.

⇒ A signal that is stable on phase ϕi will automatically be valid on 

phase ϕi .

⇒ Such a signal [ Vϕi ] can be wired to the D input of the D-type latch 

that is clocked on phase ϕi since the [ Vϕi ] guarantees that the 

setup/hold time requirement.
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D-latch implementation -

• Static logic - Two transmission gates are employed to input data 

( D ) and keep data by control the clock ϕ1 .

• Dynamic logic – The output is not fed back ! The single 

transmission gate clocked with ϕ1 is employed to input data 

whereas the output capacitor stores the last value of D. ( cannot 

keep for a long time ) 

2-phase clocking implementation -

• It may not easy to ensure that the 2 phases ϕ1  and ϕ2 never overlap 

since the delays on the clock wires cannot be ignored for bigger

designs.

• An efficient design for generating both the true and inverted clocks 

from 1 single external clock ϕ is shown on the top of next page.
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• Initially, let us assume that ϕ = 1 and ϕ2 = 1 ….. ϕ then makes a 

transition from 1 to 0…………..



Clock skew and clock distribution

(p8)

• Bit-level pipelined designs are used in high-speed or low-power 

applications and the problems of clock skew and clock distribution 

can be very severe due to the large number of registers used.

• Clock skew – the difference between the time of arrival of the 

global clock at different registers.

Clock Skew –

• Clock skew is a problem that grows with the speed and size of the 

system in synchronous systems.

⇒ a major bottleneck in high-speed bit-level pipelined systems.

• Let’s study the problem with the following model.  

( CLB is referred to as Computational Logic Block )
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Note that :

tsl, tsr : logic cell, register computation delay, or called settling time.

tpl, tpr : logic cell, register propagation delay.

Tclk : register clock time. 

tpi : interconnection propagation delay.

Edge-triggered single-phase clocking –

• Let’s check the data transfer between blocks CLB1 and CLB2. 

At t = t0 the output of CLB1 begins to be loaded into R1, and

at t = t0+δ the output of CLB2 begins to be loaded into R2 

where δ denotes the clock skew between the 2 registers.

• So, we know at time t = t0 + tpr + tpi + tpl, the response to the change 

in R1 has propagated to the input of R2 and the loading time of R2 is 

t = t0+δ

⇒ t0 + tpr + tpi + tpl >  t0+δ

⇒ The clock skew must be less than the sum of the propagation 

delay times of the register, interconnect, and logic cell.
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( 1 ). δ is negative – the above inequality will be satisfied since 

propagation delay must be positive. 

However, the side-effect will be longer clock period to allow the 

computation to take place. Note that the computation time  tc of 

the CLB’s is  tc = tsr + tpi + tsl

Therefore , the constraint on the clock period for negative δ is 

expressed as Tclk > tc + |δ | = tsr + tpi + tsl + |δ | 

( 2 ). δ is positive – here we know that the constraint on the clock 

period is going to be Tclk > tc - δ = tsr + tpi + tsl - δ

• From ( 1 ), ( 2 ), we can obtain that

Tclk >  tsr + tpi + tsl + |δ | , δ ≤ 0

Tclk >  tsr + tpi + tsl - δ , δ > 0
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Clock Distribution –

• The factors that determine the clock skew in a synchronous digital 

system are :

( 1 ). The resistance, inductance, capacitance of the interconnection 

material used in the clock distribution network.

( 2 ). The shape of the clock distribution network.

( 3 ).  Fabrication process variation over the area of the chip or the 

wafer.

( 4 ). Number of processing elements in the digital system and the 

load presented by each module to the clock distribution network.

( 5 ). Rise and fall times and the frequency of the clock signal.

( 6 ). Buffering schemes and clock buffers used.

• Let’s check a distributed RC model for the clock distributed 

network as shown in the following figure. ( H-tree network )
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• The clock skew associated with it are O( N3 ) for an N x N array of 

PE’s. So, as N increases, the clock skew would increase rapidly.

• It can be solved by employing  a distributed buffering scheme as

shown in the following.

• H-tree networks are most useful when all PE’s in the system are 

identical and the clock can be truly distributed in a binary fashion. 
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Wave pipelining

• Conventional approach involves the identification of the critical 

path for the determination of the clock period.

• However, there exist many paths whose delays are much less than 

the critical path.

⇒ They are still clocked with the same clock period.

⇒ They are remaining idle for a lot of portion of the clock period.

⇒ There is room for improvement in the clock speed where the 

non-critical paths remain idle.

⇒ Wave pipelining.

• Wave pipelining is based on the fact that it is feasible to apply a 

new set of operands to the input of the combinational block before 

the results of the present operand appear at its output.

• Under this mechanism, the clock period can be reduced as long as

data from a particular clock cycle does not overwrite data from the 

previous clock cycle.

• The clock period ( Tclk ) in a wave-pipelined system is constrained 

by the difference between the maximum and the minimum 

combinational logic delay.
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• The above figure is a logic depth-timing diagram for wave 

pipelining, where the clock period has been reduced as much as 

possible. The factor limiting the clock period is the difference

between tmax and tmin through the combinational block along with 

register setup/hold, propagation times, and unintentional clock 

skew.
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• Now let’s explore the relationship between the clock period ( Tclk ) 

and other circuit parameters. Here we see the following timing 

diagram.

• We also define some parameters as follows,

tmin – minimum combinational logic delay.

tmax – maximum combinational logic delay.

tsetup – setup time of the circuit.

thold – hold time of the circuit.

Δi – intentional delay added to the input.

Δo – intentional delay added to the output.

Δte
i – the earliest possible clock skew at the input register.

Δtl
i – the latest possible clock skew at the input register.

Δte
o – the earliest possible clock skew at the output register.

Δtl
o – the latest possible clock skew at the output register.

(a) (b)
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• Notice that the clock period should be such that the output data is 

latched after the latest data has arrived at the outputs and before 

the earliest data from the next clock period arrives.

• Let the output data be latched by the output register at time t

relative to the global clock. Then t corresponds to kTclk, where k is 

called as the global clock latency.

Therefore, t = kTclk + Δo

For correct clocking, the output data must be sampled at time t at 

which the data is stable, which leads to

Moreover, we have to ensure that the earliest data is latched 

correctly, the following constraint must also be satisfied :

yields,

• The above inequality explains that the clock rate is bounded by 

( 1 ). The difference of maximal and minimal delays between 

input and output registers.

( 2 ). The unintentional clock skew.

( 3 ). The setup/hold times ( directly increase the possible clock 

period )

setupd
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Lecture 10 – Low-Power Design

(p1)

Historical focus on digital systems –

Circuit speed / processing power : for example, μp may evaluate 
its performance in terms of MFLOPS/ MIPS.

AT ( area-time ) trade-offs : find a reasonable balance.

However, more recently it has been found that area and time are 

not sufficient metrics for evaluating the system performance.

⇒ Power consumption is another important metric.

(1). For portable applications – sure, very important !!

(2). For non-portable applications – very crucial, since the cost 

for cooling and packaging is unacceptable !!

Unless the power consumption is dramatically reduced, the 

resulting heat will limit the packaging and performance of VLSI 

systems.

Reliability is also a major issue in digital system. High-power 

systems often tend to exacerbate failure mechanisms.
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Power Dissipation

Two measures are important

( I ). Peak power ( Sets dimensions )

( II ). Average power ( Battery and Cooling )

(max)DDDDpeak IVp ×=

dtti
T

VP
T

DD
DD

av )(
0∫=

Dynamic Power Consumption

Energy charged in a capacitor
EC = CV2/2 = CLVDD

2/2

Energy Ec is also discharged,
Etotal= CL VDD

2

Power consumption
P = CLVDD

2f
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Reduced Power Consumption

Where can we find capacitance ?

Therefore …….

Transistor – gate and other parasitic C

Load C

Interconnects ( more and more important !! )

External ( dominant )
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For most applications, the average power consumption has 

become the most critical design concern, especially in the absence 

of low-power design techniques, current and future portable 

devices will suffer from either a very heavy battery pack or a 

very short battery life.

Even for the case of non-portable systems, reductions in power 

consumption play a very crucial role, which can be referred to as 

a packaging and cooling problems.

The low-power design techniques are targeted towards digital 

CMOS circuits since they are widely used in industry.

Remember that the power consumption in digital CMOS circuits 

is expressed as,

P = IstandbyVdd + IleakageVdd + IscVdd + αClVdd
2fclk

where 

Istandby ,the standby current, is the DC current drawn 

continuously from the power supply to ground.

Ileakage , the leakage current, is primarily determined by the 

fabrication technology caused by :

(1). Reverse bias current in the parasitic diodes formed between 

source and drain diffusions and the bulk region in a MOS 

transistor. 

(2). The subthreshold current that arises from the inversion that 

exists at the gate voltages below the threshold voltage.



(p5)

Isc, the short-circuit current, is due to the DC path between the 

supply rails during output transitions.

Notice that the last term refers to the capacitive power dissipation 

with the switching activity, α is the average number of 0 → 1 

output transitions. Cl is the load capacitance. fclk is the clock 

frequency. 

Transition density – product of the switching activity and the 

clock frequency.

Generally speaking, the static power dissipation refers to the sum 

of the standby and leakage power dissipations.

Leakage currents in digital CMOS circuits can be reduced with the 

proper choice of device technology.

Standby currents play an important role in design styles like 

pseudo-NMOS inverters.

The short-circuit power consumption of a logic gate is 

proportional to the input rise time and fall time, the load, and the 

transistor sizes of the gates.

We may refer to the dynamic power consumption as the sum of 

the short-circuit and capacitive power dissipations.
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As technology is scaled, supply voltage should also be scaled to

maintain the same power density.

Note that power density ≡ VI / A  ( power dissipation/area, V →

1/k, I → 1/k, A →1/k2 )

If the supply voltage is scaled by 1/k, the power consumption is

scaled by a factor 1/k2 although the power density remains 

constant.

In other words, if supply voltage is not scaled then the power 

density increases in a cubic manner.

Scaling versus power consumption
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2))(/( tddox

ddl
d VVLWC

VCT
−

×
=

μ

A 1st-order equation to describe the circuit delay,

Obviously, we know that a decrease in Vdd leads to an increase in 

the circuit delay. 

However, one approach to reducing the supply voltage without 

sacrificing speed is to modify the Vt of the devices whereas we 

shall know that Vt cannot have too much room to improve for the 

purpose.

Circuit delay as a function of supply voltage.
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Typically, the optimum Vt is determined based on the gates of the 

CMOS devices and the control of the leakage currents.

In order to maintain a constant circuit delay, both supply voltage 

and the threshold voltage have to be scaled simultaneously.

Circuit delay as a function of supply voltage for varying threshold voltages
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Power analysis

Switching activity ( α ) -

The switching activity of a circuit is the average number of 0 → 1 

transitions that occur in 1 clock cycle at various output nodes in 

the circuit.

Basically, the switching activity is a function of the circuit inputs, 

the logic function, temporal and spatial correlations among the 

circuit inputs.

Consider an OR gate with two inputs x and y as shown in the 

following figure. If the inputs are INDEPENDENT and the signal 

probabilities are 0.5 each, then the switching activity α is 3/16 

( fig.(b)). 
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If we suppose that only patterns 00 and 11 can be applied to the

OR gate and that both patterns are equally likely, then α is 1/4 

(fig.(c)). Alternatively, assume that every 0 applied to input x is 

immediately followed by a 1 while every 1 applied to input y is 

immediately followed by a 0, then α is 2/9 (fig.(d)). Finally, 

assume that it is known that x changes exactly when y changes 

value, then α is 1/8. 

⇒ Case (c) is called spatial correlations between gate inputs.

⇒ Case (d) is called temporal correlations on gate inputs.  

In addition, glitching or spurious transitions that occur at output 

nodes before they settle down affect the switching activity. 

Increasing switching activity due to glitching -
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Power reduction techniques

1. Path balancing -

In order to reduce the glitching activity in a circuit, the delay of 

all paths that converge at each gate must be roughly balanced 

since path balancing results in nearly simultaneous switching on

the various gate inputs.
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2. Transistor and gate sizing -

Power consumption is directly proportional to the size of the 

transistors.

⇒ minimum-size transistors must be used throughout the design.

⇒ slow circuits.

⇒ finding a minimum power solution subject to meeting a given 

delay constraint.

3. Transistor reordering -

Fact – library gates have functionally equivalent pins. i.e. inputs 

can be permuted on those pins without changing the function of 

the gate output. 

In addition, these equivalent pins may have different pin loads 

and pin-dependent delays.

⇒ The high switching activity inputs should be matched with pins 

that have low input capacitance.

Assign the input signal with the largest probability of assuming a 

control value to the transistor near the output terminal of the gate.

⇒ Prevent the internal nodes from unnecessary charging and 

discharging.

The input that has the highest switching activity shall be assigned 

to the input closest to the output terminal.
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4. Retiming for low power -

Fact - The register outputs have significantly fewer transitions 

than the register inputs.

A B CD

A B CD

( No glitching before the flip-flop )

( Has glitching before the flip-flop )

5. Voltage scaling and multiple supply voltages -

Scaling of voltage levels will become an important issue in the 

design of future digital systems.

The main problem in this approach is the availability of the 

complete chip set to make up systems at reduced supply voltages.

For example, consider the system shown on the top of the next 

page, where all blocks are assumed to be identical and each block 

in the system has a critical path of 1 u.t. when the system is 

operating with a supply voltage of 3V. The threshold voltage, Vt

is known to be 0.5V. Assume the supply voltage is in the range of 

1.33V~3V. Use multiple supply voltages to obtain the least power 

consumption without altering the system latency of 6 u.t. and 

neglect loading effects.
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[Sol.] Remember that the delay td of a CMOS circuit is proportional to

( )2
tdd

dd
d VV

Vt
−

∝

Therefore, for the case Vdd=3V, Vt=0.5V, the delay is found to be td=12/25. Since 

the latency is 6 u.t., blocks 5, 6, and 7 can be operated much slower than 1 u.t. 

delay.

⇒ In order to maintain the system latency of 6 u.t., it is observed that blocks 6 

and 7 can be operated with a delay of 1.5 td and block 5 with a delay of 3 td.

⇒ For a delay of 1.5 td, the supply voltage can be reduced and the new supply 

voltage is obtained by solving

The new supply voltage is therefore Vdd = 2.28V. In a similar manner the supply 

voltage for a delay of 3 td is obtained by solving

to obtain Vdd = 1.53V.

⇒ The system will now operate with 3 supply voltages; blocks 1, 2, 3, 4, and 8 

with a supply voltage of 3 V, blocks 6 and 7 with a supply voltage of 2.28V, 

and block 5 with a supply voltage of 1.53V.

( ) 25
18

5.0 2 =
−dd

dd

V
V

( ) 25
36

5.0 2 =
−dd

dd

V
V
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6. Dual / Multi - Vth -

CMOS propagation delay is given by

α ( velocity saturation effect ) = 1.3 for sub-micron MOSFET’s.

Three schemes employed to solve power-delay trade-off :

(1). Multi threshold-voltage CMOS -

A low Vth for fast circuit operation in logic circuits and a high 

Vth for cutting off the threshold leakage current in the standby 

mode.

( )α
thdd

ddl
d VV

VCT
−

=

Drawback – it requires a large number of transistors for power 

supply control.
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(2). Variable threshold-voltage CMOS -

Vt can be dynamically varied through substrate bias VBB which 

is controlled so as to compensate the threshold voltage. While 

in the standby mode deep VBB is applied to increase the Vt and 

thereby cut off the sub-threshold leakage current.

(3). Elastic threshold-voltage CMOS –

Control both the supply voltage and VBB in such a way that 

when Vdd is lowered, VBB becomes deeper. This in turn raises 

Vt and therefore reduces power dissipation in standby mode.

7. Clocking -
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Power estimation approaches

The power here is referred to the average power dissipation of 

digital circuits. 

Average power includes – static & dynamic power dissipations.

Here we may discuss the capacitive power dissipation only.

The techniques for power estimation can be broadly classified 

into two categories : simulation based and non-simulation based.

Simulation-based approaches –

Main benefit for the approach is the issues such as spatial / 

temporal correlation are automatically taken into account.

(1). Direct Simulation –

• Simulate a large set of random vectors using SPICE and then 

measure the average power dissipated,

Disadvantage – require large memory and have very long 

execution times 

⇒ they cannot be used for large, cell-based designs.

• Can also be performed using a transistor-level power simulator, 

which uses simplified table-driven device models, circuit 

partitioning to increase the speed. (such as “Powermill” simulator)  

• Verilog-based gate-level simulator can be employed to determine 

the power dissipation of digital circuits under user-specified 

input sequences.
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(2). Statistical Simulation –

• Monte Carlo simulation alleviates the pattern-dependence problem, 

which consists of applying randomly generated input patterns at 

the circuit inputs and monitoring the power dissipation for T clock 

cycles using simulator.

• In estimating the average power consumption of the digital circuit, 

the convergence time of the approach is short if the error bound is 

loose. However, it may converge to a wrong power estimate value

if the sample density does not follow a normal distribution.

Non-simulative approaches –

(1). Behavioral level approaches –

• Power estimates for functional units such as adders, multipliers, 

registers, and memories are directly obtained from the design 

library.

• The design library comprises the average switched capacitance per 

clock cycle.

• The power model for a functional unit may be parameterized in 

terms of its input wordlength.

• Therefore, the library can contain interface descriptions of each 

module, description of its parameters , its area, delay, and internal 

power dissipation. 
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• These characteristics are stored in the form of equations or tables. 

The power model thus generated and stored for each module in the

library has to be modulated by the real input switching activities in 

order to provide power estimates.

(2). Logic-level approaches –

• Most of the power consumption for digital CMOS circuits is in the 

period of charging/discharging of the load capacitance.

⇒ Consider the switching activity α of various nodes in the digital 

circuit.

• The switching activity of a node with probability pn is computed as

• If two successive values of a node are correlated in time, then the 

switching activity is computed using,

• How can we determine Pn ? It’s another important research topic.

)1( nn pp −=α

)1)(1( nnn pp ρα −−=
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(3). Hierarchical approach –

• The approach to estimate power consumption of large digital 

circuits is using stochastic methods by employing state transition 

diagrams ( STD’s ).

• Firstly, the digital circuits are decomposed into subcircuits, and the 

subcircuits are modeled using STD’s to reduce the number of states 

in the STD.

• The circuit belonging to each subclass is then modeled with the 

help of an STD, facilitated through the development of analytic 

expressions for the state-update of each node in the STD, Then the 

energy associated with each edge in the STD is computed using 

SPICE.

• Consider a typical static CMOS NOR 

gate shown in the right figure, in which 

x1 and x2, respectively, represent the 2 

input signals and x3 represents the 

output signal. Also, there are two nodes, 

node2 and node3, which have their 

values changing between 1 and 0. 
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• The presence of charging/discharging capacitances at these nodes

enables us to develop the state update arithmetic equations for the 

nodes in accordance with

)()()())(1()1( 22112 nnodenxnxnxnnode ∗∗+−=+

))(1())(1()1( 213 nxnxnnode −∗−=+

• The foregoing equations can be used to derive the STD for the NOR 

gate as shown in the following figure, in which for example, S1 

represents the state with node values node2 = node3 = 0, and the 

edge e1 represents a transition from state S1 to S3.


